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Abstract
The bound states and decay time in a certain quantum well structure (GaMnAs/GaAs) were analysed and identified at the 
minimum decay time. Through the analysis of quantum mathematical equations, we derived specific formulas for energies 
that significantly amplify the numerical solutions of equations throughout all dimensions of confinement. Without altering the 
parameters utilized, the quantification, barriers, and well width were predominantly influenced by the spatial dimension pa-
rameters, such as the barrier height and well width. The principal bound state and lowest decay time were determined at a well 
width of 40 Å and a barrier thickness of 46.27 Å. This work revealed a novel characteristic known as interfacial tunnelling, 
which refers to the phenomenon where an electron establishes a tunnelling state between two interfaces. This tunnelling pro-
cess is significantly influenced by the characteristics of the materials used, as well as the dimensions of the wells and barriers.
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1. Introduction

Various mechanisms can influence bound state energy, 
including the medium barrier or potential height, par-
ticle-particle interaction, and strain field, upon which 
bound state energy is contingent (Brand & Hughes, 
1987; Ejere et al., 2019). To enhance electron con-
finement beyond the geometric potential reduction 
and barrier height augmentation, various additional 
factors must be considered, including strain fields. In-
direct transitions (IBT) may also occur via the bound 
state (CBS), which is initially diminished to 0.2 meV 
in semiconductor alloy systems due to lattice strain 
(Psarakis, 2005). The results unequivocally demon-

strate that CBS can generate stress that is several 
orders of magnitude greater than ABS (Ariyawansa 
et al., 2005; Oglah et al., 2021). This indicates that the 
quantum well (QW) containing CBS exhibits the most 
significant temperature dependence in electronic trans-
port behaviour (Ohya, 2010; Rodrigues et al., 2012). 
To comprehend the bound state energy characteristics 
of III-V-based ferromagnetic semiconductor hetero-
structures, it is essential to investigate the parameters 
of the GaMnAs quantum well. This will enable us to 
obtain a deeper comprehension of the bound states and 
their impact on electronic transport. This will aid in the 
creation of devices with enhanced performance and in-
creased efficiency.
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To achieve this end, we will derive precise solu-
tions for the independent Schrödinger equation, taking 
into account various potential functions, including sin-
gle square wells, double square wells, periodic square 
wells, and harmonic periodic wells. We employ an ef-
fective numerical technique known as the finite differ-
ence method (FDM), in conjunction with a combination 
of symmetric and asymmetric boundary conditions, to 
derive precise numerical solutions for various potential 
functions (Bastard & Brum, 1986; Hutchings, 1989).

The limited-area wave equation is utilised in spa-
tial discretisation. Upon computing all elements of the 
potential function, the wave equation was resolved to 
derive several solutions. The answers were investigated 
further to determine the bound state energies and their 
associated wave functions.

The finite difference analysis of the Schröding-
er equation (Anemogiannis et al., 1993; Oglah, 2024) 
yields precise determinations of bound state energy and 
wave functions for various potential functions. The re-
sults obtained can be used to examine the behaviour 
of electrons and the structural characteristics of materi-
als, including ferromagnetic semiconductors, quantum 
wells, and nanostructures. This method can also eluci-
date the role of carriers or electron levels in these ma-
terials and their interactions with other energy states, 
providing insight into the materials’ behaviour.

A potential well with magnetic barriers modifies 
the wavefunction at the edges by altering the energy 
spectrum and potentially leading to wave-vector filter-
ing or Fabry–Pérot oscillations. The magnetic barriers 
can confine charge carriers, especially in materials like 
graphene nanoribbons, and affect the transmission and 
conductance through the structure (Xu et al., 2008).

The decay time in quantum wells refers to the time it 
takes for the excited state of a trapped electron-hole pair 
(exciton) to return to its ground state, often accompanied 
by the emission of light (photoluminescence). This de-
cay can occur through radiative (light emission) or non- 
radiative (heat transfer or other forms of energy) processes.

Utilising the independent Schrödinger equation 
to simulate the behaviour of wave functions and their 
eigenvalues in bound states is a  widely used meth-
od for understanding quantum systems. Solving the 
Schrödinger equation, either numerically or analytical-
ly, yields information regarding the energy levels, wave 
functions, and decay characteristics of the system. This 
work aims to solve the independent Schrödinger equa-
tion for a variable potential function V(x), concentrat-
ing on the confinement condition of the carriers within 
a  designated region of the well. In this scenario, the 
energy levels become quantised, necessitating the de-
termination of the allowable energy values and their 

associated wave functions, as well as the minimum 
decay period. These solutions will possess significant 
real-world applications, including the vibration of mol-
ecules or electrons (Cortés et al., 2014).

2. Experimental procedure

In Hamiltonian and decay time, we can obtain addi-
tional information regarding the potential barriers by 
directing a  beam of electrons at a  specific angle, ex-
amining the transmission probability spectrum, and 
performing phase shift measurements. One objective 
of this analysis is to ascertain the bound states within 
these wells, along with their energies and probability 
distributions (Geltman, 2011).

Assessing the Hamiltonian influence of the sys-
tem and the effective mass constitutes a  fundamental 
aspect of the analysis. This entails the calculation of 
the kinetic and potential energy related to the elevation 
of potential barriers and their retention of magnetic im-
purities. We examine energies E that are less than the 
heights of the left and right potential barriers, E < VL 
and E < VR. The states are correlated or concentrated 
within the potential barrier, indicating that the wave 
function in the regions adjacent to the barriers on the 
right and left aroaches zero (Chen, 1994; Oglah et al., 
2020). The bound state produces a discrete energy lev 
referred to as the quantum mechanical bound state. It 
is a consequence of quantum confinement, a significant 
principle in quantum mechanics (Khan, 2011).

The decay period of the binding state in the quan-
tum well can be determined using a two-level model, 
which characterises a system of E1 and E2 states con-
fined by an identical potential. This model considers the 
energy levels of the two states as well as their connec-
tion. The coupling can be determined from the cross-in-
tegration of the wave functions of the two states. The 
decay rate can be determined via the exponential decay 
formula (Koç & Haydargil, 2004).

The particle’s mobility is confined to region II, 
where E < 0; yet, it can ltrate the typically forbidden re-
gions I or III. This indicates that the probability density 
is non-zero, and pursuant to the principle of indetermi-
nacy, the particle may penetrate to a depth of ∆x con-
tingent upon its energy. It is observed that at least one 
bound state scenario must exist, as the movement of the 
classical energy body E < 0 is confined to zone II; none-
theless, this particle can infiltrate restricted regions ac-
cording to traditions I and II, given that the probability 
density is not null. The depth attained by the particle is 
contingent upon its energy, as dictated by the principle 
of indeterminacy (Lucha & Schöberl, 1999).
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For case of single well, Figure 1 represents the 
bound state energies in a single well, GaAs represents 
the quantum well, while GaMnAs represents the spe-
cific barrier material, as the height of the potential is 
0.3 eV which represents the difference between GaAs, 
and GaMnAs, as we assume that the well width is L 
then we have (Ghatak, 1987; Istas et al., 2018):
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We will determine the wave function in the 
three regions, taking into account that it is terminat-
ed at the ends and continuous at the barriers at x = 0 
and x = L. 
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By applying boundary conditions at barriers and 
ends to the wave function, we have:

Aα – Bβ = 0

	A(αcos(βL) – βsin(βL)) + B(αsin(βL) + βcos(βL)) = 0	 (3)
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a) 

b) 

Fig. 1. The bound states of: a) the double-barrier well (for three cases of energy eigenvalue where they appear in the form of 
bound states); b) the single well (for one eigenvalue, including a visualisation of the tunnelling and gradient) 
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Now, solving Equation (4) gives the bound state 
energy, where once β and α have been determined, the 
thickness of the barrier d can be chosen so that the de-
cay time is 1 Pa∙s.

�
� �

�� � � �
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12mL e d


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e 2

The movement of the particles is limited to re-
gion II, where E < 0; however, this particle can pene-
trate the traditionally prohibited regions I or III. This 
means that the proba density is not equal to zero, and 
according to the principle of indeterminacy, the par-
ticle can penetrate to a depth of ∆x depending on its 
energy. We note that there must be at least one bound 
state case as the movement of the classic energy body 
E < 0 is strictly limited to zone II; however, this par-
ticle can penetrate into forbidden areas by tradition I 
and II as the probability density is not equal to zero. 
The depth that the particle reaches can be determined 
depending on its energy through the principle of inde-
terminacy:
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which will end in the barrier depth when the energy is 
large, accordingly, there is angular momentum created 
by the potential barrier: 
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In the case of a double well, we will calculate the 
first two energies of the correlation state E1 and E2, then 
calculate the fluctuation period as follows (Bastard 
et al., 1984; Saha et al., 2007):
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where V(x) = 0.3 eV.
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Given that the potential well is symmetric, there-
fore the wave function is either symmetric or asymmet-
ric, and to obtain the symmetric wave function, we can 
follow the equation:
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The derivatives at the boundaries x = d/2, x = d/2 + L 
are as follows:
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To obtain non-zero solutions for constants A, B, C, 
and D, the determinants must be zero. This constrained 
solution gives us the bound state energies of similar 
solutions. 

As for solutions to the asymmetric state, the wave 
function is:
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The derivatives of the wave function at the bound-
aries are as follows:
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The requirement that the matrix be equal to zero, 
as above, because they give bound state energies for 
asymmetric solutions, and since the state does not re-
quire dividing the solution into symmetric and asym-
metric, we can only rely on constructing the wave 
function using eight parameters and equating its deter-
minants to zero to get eight states of bound state energy. 
Accordingly:

	 αcot(αL) + β = 0  for odd state	 (10a)

	 αtan(αL) – β = 0  for even state	 (10b)

Which are called transcendental equations. These 
only have implicit solutions and can only be numerical 
or graphical solutions (Moiseyev, 2009).

3. Results and discussion

Solving Equations (10a, 10b) reveals that dissolution 
can be derived from either equation, as the waveform is 
characterized by two equations that illustrate a general 
relationship between the decay constant at the barriers 
and the wave vector at the quantum well, highlighting 
the challenge of establishing the boundary conditions 
for this general relationship. This pertains to the con-
figuration of the interstitial structure.

Mathematically, there are no analytical techniques 
for determining the intersections of the two equations; 
therefore, it is essential to employ numerical approach-
es, whi may be limited and specialized. The graphic 
illustrates that the circular function can intersect each 
curve once at a designated value (n-th), with each in-
tersection representing potential solutions that limit 
the periodicity of the function’s tangent and cotangent 
within the defined range. The quantity of bound states 
is ascertained by dividing the calibrated wave vector by 
the branch width at the nth intersection, rounding to the 
nearest integer. The observable outcome indicates that 
there is invariably a minimum of one bound state within 
the well of the designated quantity, irrespective of the 
potential’s influence or the well’s width. This finding is 
illustrated by Figure 2, which demonstrate that the cir-
cle consistently intersects with the first branch of Equa-
tion (10a) at n1, even when the radius is minimal, as the 
first branch invariably originates from the origin point.

a)	 b)

Fig. 2. A representation of conditions matching the bound state of a square GaAs well (a) and the bound states of a finite 
potential well (b) for Equations (10a, 10b). The GaAs well has a width of 100 Å and is surrounded by 300 MeV barriers. 
The left side of Equation (10a) is shown as a blue curve, while the right side is represented by curves in red; the wave vector 
intersections show the bound states. The maximum permissible value of the wave vector in the voltage well is Vmax. The 

effective mass of an electron in the state of the GaAs well is 0.076 m
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The width of the well influences the manifesta-
tion of bound states, however an increase in barrier 
thickness does not produce similar effects, as demon-
strated in Figure 3. A distinct alteration in decay time 
relative to bound states occurs with an increase in 
quantum well width, as the number of bound states 
increases substantially with an extension in decay 
time (Fig. 4). Figure 4 indicates that the bound states 
increase with the well width is accompanied by an in-
crease in decay time. This is unavailable in the event 

of a modification in the thickness of the barriers of the 
quantitative well of the GaMnAs/GaAs compound. 
Only two fixed values for bound states are shown, as 
illustrated in Figure 5.

The quantity of symmetric and asymmetric bound 
states or eigenfunctions escalates at energy levels E1 
and E2, alongside an augmentation in decay time at well 
separations of 20 Å (Tab. 1) and 100 Å (Tab. 2), as il-
lustrated in Figure 6, when the decay time commences 
its increase.

a)  

b) 

Fig. 3. Bound cases and the time of decay as a function of well width (a) and barrier thickness (b) at 50 Å. The bound cases are 
fixed and are not affected by the change in the thickness of the barriers. Figure b shows that there is an increase in the number 
of bound cases when the well width is accompanied by a noticeable increase in decay time, taking into account the barrier 

thickness at 50 Å
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Fig. 4. The change in decay time and bound states with respect to the quantitative well width
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Fig. 5. The change of the decay time with the thickness of the barriers  
(the depth of the well is 50 Å and the height of the barrier is 0.3 eV for the GaMnAs/GaAs compound).  

Note that there are only two values for the bound state energy

Table 1. The bound state energy (BSE) and minimum decay time τ in seconds for a single quantum well

BSE [eV] τ [s]
0.2 0.2
0.4 0.3
0.6 0.5
0.8 0.9
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Table 2. The symmetrical and asymmetric states of the energy levels E1 and E2 with the decay time as a function of the quantum 
well width. Note that there is an increase in the number of symmetrical and asymmetric states with an increase in the decay at 

the well separations of about 20 Å 

Antisymmetric solutions  
for bound state energy [eV]

Symmetric solutions  
for bound state energy [eV]

Decay time 
[P∙s]

Well width
[Å]

0.2609600.1753500.0483062920

0.1382000.117230
0.2786000.1972704040

0.289650
0.081358

0.076116
0.2137100.7889684060

0.053132
0.204360

0.051482
0.168260
0.293020

2.505680

0.037320
0.146380
0.299670

0.036694
0.130145
0.237920

6.5992100

0.027620
0.109220
0.238200

0.027349
0.102680
0.197300

15.2201120

0.021256
0.084403
0.186720

0.021127
0.081256
0.164910
0.255200

31.9620140

Fig. 6. The symmetrical and asymmetric states of the energy levels E1 and E2 with the time of decomposition as a function of 
the quantum well width. Note that there is an increase in the number of symmetrical and asymmetric states with an increase in 

the dissolution time at the well separations of about 20 Å 

Figures 7 and 8 elucidate the variation of symmet-
ric and asymmetric wave functions as a function of en-
ergy, given a well width of 100 Å and well separations 
of 20 Å at a designated decay time. Figure 8 shows that 

there is an increase in the number of symmetrical and 
asymmetric cases with a  decrease in the decay time 
when increasing the intervals up to 100 Å, after which 
the decay time begins to increase. 
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Fig. 7. The change of the symmetric and asymmetric wave functions as a function of energy when the well width is 100 Å 
and the well’s separation is about 20 Å at a periodic time of 6.5992 picoseconds for the states E1 and E2

Fig. 8. The symmetrical and asymmetric bound states with the decay time, as a function of the quantum well separation 

Table 3 also indicates that there is an increase in 
the number of symmetrical and asymmetric cases with 
a decrease in the decay time when increasing the sepa-
rations up to 100 Å, after which the decay time begins 
to increase (Bohm, 2003). 

Moreover, in this instance, it is necessary to adjust 
the decay time in relation to the well’s width, as the 
energy of the bound state decreases with an increase 

in the well’s width, while the decay time concurrently 
increases with the widening of the well. 

This is contingent upon the stability of both the 
barrier thickness (50 Å) and the barrier height (0.3 eV) 
(Fig. 9). In this case, the decay time increases expo-
nentially with increasing well width. The thickness 
of the barriers is 50 Å, and the height of the barriers 
is 0.3 eV.
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Table 3. Asymmetric and asymmetric bound states with the decay time, as a function of the quantum well separations

Anti-symmetric 
solutions of bound 
state energy [eV]

Symmetric 
solutions for 
bound state 
energy [eV]

Decay time 
[Pa∙s]

Well 
separation

[Å]

0.03732
0.14638
0.29967

0.03669
0.13145
0.23792

6.599220

0.03507
0.13726
0.28771

0.04164
0.16068
0.29563

0.629572440

0.03443
0.13415
0.28046

0.04123
0.151720.607950660

0.03426
0.13311
0.27666

0.03957
0.13965
0.27368

0.779365180

0.03422
0.13276
0.27456

0.03774
0.13077
0.25126

1.1737100

0.03421
0.13265
0.27336

0.03612
0.12941
0.27403

2.1653120

0.03420
0.13261
0.27265

0.03486
0.164986.3127140
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Fig. 9. The change in decay time with the width of the well,  
noting that the bound state energy decreases with increasing well width
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4. Conclusion 

The time-independent Schrödinger equation for sym-
metric and asymmetric wave functions in single and 
double potential wells was resolved by the application 
of suitable boundary conditions; bound states were 
derived from the energy eigenvalues, and the wave 
functions were determined from the variations in ei-
genvalues.

This type of well demonstrates that the upper 
states are bound states, while the lower states permit 
electron wave leakage. An analysis of the transport ma-
trix corroborates the application of quantum wells in la-
ser production, illustrating the influence of well width, 
thickness, and barrier height. These factors are also 
contingent upon the lifetime of the quasi-bound lower 
states, as the energy level may fluctuate with increasing 
barrier thickness, depending on the specific core point.

The bound states of single and double potential 
wells were analysed utilizing an appropriate transport 
matrix to address random well designs. The constrained 
cases were derived from both single and double quan-
titative wells, demonstrating robust hybridization for 

both heavy and light cases. This results in considerable 
reductions in the mass of the upper and lower valence, 
as the wave functions of the associated optical parti-
cles are localized at the interfaces, thereby correlating 
with the bonds and antigens at the edges of the quan-
tum well. Currently, the separate interfaces facilitate 
the bound states that result in the generation of a light 
particle within the well, characterized by a significant 
amplitude of interference.

It was determined that bound state energy levels 
remain intact, as they are finite, yet they increase indef-
initely depending on factors (α, β). Consequently, deep-
er potentials yield a  greater number of bound states, 
and the spectrum of bound states exhibits even and odd 
alternations, with the ground state being equal. The de-
cay time grows with the widening of the well and the 
thickening of the barriers, as bound states emerge with 
an increase in well width, while the height of the barri-
ers remains unaffected.

The well width distinctly influences the cyclic de-
cay period and the energy of both symmetric and asym-
metric bound states of the wave function at the energy 
levels E1 and E2 in a double well system.
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