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Abstract
A finite-strain constitutive model of a superelastic NiTi shape memory alloy is proposed in this paper. Via backward Euler 
implicit integration scheme and the incorporation of material softening, the model is implemented into finite element code 
to reproduce a Lüders like deformation of a superelastic NiTi. The simulation results are in agreement with the experimental 
results, indicating that the constitutive model can reasonably predict the mechanical behavior of a superelastic NiTi. A para-
metric study further verifies that the magnitude of softening modulus has a significant effect on the stress-strain response and 
Lüders-like deformation of a superelastic NiTi.
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1. Introduction

NiTi shape memory alloy (SMA) undergoes revers-
ible martensitic transformation between austenite and 
martensite upon thermomechanical loading. When the 
deformation temperature is above the austenite finish 
temperature, NiTi demonstrates superelasticity with 
large recoverable transformation strain (up to 8%), high 
yielding stress (up to 1500 MPa) and appealing dissi-
pation energy (up to 10 MJ/m3). In order to predict the 
complicated mechanical response of superelastic NiTi, 
constitutive modeling has been a  research hot-spot in 
recent decades.  

Starting from the early-stage 1-D phenomeno-
logical models proposed by Tanaka et al. (1986) and 
Liang & Rogers (1990), which adopted an exponential 
and cosine hardening rule for martensitic transforma-
tion respectively, numerous constitutive models have 

been developed and continuously updated to deal with 
one or more aspects of the thermomechanical behav-
ior of SMAs. Based on the framework of irreversible 
thermodynamics, Boyd & Lagoudas (1996) developed 
a 3-D phenomenological model of NiTi by decompos-
ing the total free energy density into the free energy 
densities of the two phases weighted by the phase vol-
ume fractions in addition to a  contribution from the 
mix of the two phases. The capability to depict dif-
ferent shapes of stress-strain response during marten-
sitic transformation was established by unifying dif-
ferent forms of hardening functions (Lagoudas et al., 
1996). To address the localized deformation during 
martensitic transformation, Abeyaratne & Knowles 
(1993) introduced a double-well potential function to 
account for the material instability, but its use is lim-
ited to 1-D problems and cannot describe the reverse 
transformation. Lubliner & Auricchio (1996) proposed 
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a 1-D constitutive model for SMAs in which the sin-
gle-variant martensite volume fraction is taken as the 
internal variable, and its evolution follows a flow rule 
confined by the transformation surfaces defined in the 
stress-temperature space. This model was later ex-
tended by Auricchio & Lubliner (1997) to 3-D with 
the addition of the reorientation of martensite. Pani-
co & Brinson (2007) and Popov & Lagoudas (2007) 
took the stress-induced martensite fraction and the 
temperature-induced martensite fraction as separate 
internal variables and described martensite reorienta-
tion independently from austenite to martensite trans-
formation. Hartl & Lagoudas (2009) extended this idea 
to include plastic yielding into the constitutive model 
of NiTi by adding a back stress term that governs the 
flow rule of plastic strain. Arghavani et al. (2010) pre-
sented a  model in which the amount and orientation 
of the transformation strain evolve separately, and the 
two mechanisms inducing inelastic strains, i.e., trans-
formation and reorientation, are decoupled. In order to 
reproduce the Lüders-like deformation of superelastic 
NiTi, Jiang et al. (2016, 2017a, 2017b), Xiao & Jiang 
(2020a) and Frost et al. (2018, 2021) developed sev-
eral macroscopic constitutive models under isother-
mal condition by incorporating mechanical instabil-
ity associated with martensitic transformation under 
primarily tensile stress states. Some of these models 
have been generalized to include thermomechanical 
coupling and grain size dependent of superelastic NiTi 
(Jiang & Xiao, 2021; Xiao & Jiang, 2020b). The issue 
of mesh dependency can be well addressed by involv-
ing an integral-type (Ahmadian et  al., 2015) or gra-
dient-enhanced non-locality (Hajidehi & Stupkiewicz, 
2018; Hajidehi et al., 2020).

For the sake of simplicity, most of the constitu-
tive models for superelastic NiTi are established based 
on the infinitesimal strain assumption, even though the 
transformation strain is about 7% (Cisse et al., 2016). 
For some special problems such as superelastic NiTi 
fracture, the strain level in the vicinity of crack tips 
may reach 10% or even higher (Haghgouyan et  al., 
2016, 2019; Jiang & Landis, 2016b). Consequently, 
developing a finite-strain constitutive model is vital in 
providing a physically-solid prediction. This paper pro-
poses a finite-strain model to reproduce the stress-strain 
trace and Lüders-like deformation of superelastic NiTi. 
The model is implemented into finite element code via 
a backwards Euler implicit integration scheme. The or-
igin of Lüders-like deformation is disclosed, and the 
effect of softening modulus on mechanical response is 
discussed numerically. The present study will offer new 
insights into the finite-strain modeling of NiTi and oth-
er phase transformable materials.

2. Constitutive model

2.1. Definition of strain

The initial configuration prior to deformation is denot-
ed as the reference configuration ℜ , and the configu-
ration after deformation is denominated as the current 
configuration ℜ . From the Kroner–Lee decomposi-
tion, the total deformation gradient F is decomposed as:

F F F= e tr (1)

where Fe and Ftr are the deformation gradients caused 
by elastic deformation and martensitic transformation, 
respectively. The total velocity gradient is defined as:

L FF� �


1 (2)

Substituting Equations (1) to (2), we get: 

L = L F L Fe e tr e�
�1 (3)

where L F Fe e e�
�



1

 and L F Ftr tr tr�
�



1

 are velocity gradi-
ents of elastic deformation and martensitic transforma-
tion, respectively. The Green–Lagrange strain tensors 
are expressed as:

E F F I� �
1

2
( )

T (4)

E F F Ie e eT
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2
( ) (5)

E F F Itr tr trT
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The Martensite volume fraction yields:

� �
E
E

eq
tr

eq
tr

( )
max

(7)

where ( )
max

Eeq
tr  is a  material parameter reflecting the 

maximum transformation strain, which can be read as 
the maximum inelastic strain when martensitic trans-
formation finishes in the stress-strain response during 
uniaxial tension. Eeq

tr  is the equivalent transformation 
strain:

Eeq
tr tr tr� �

�
�

�
�
�

2

3

1 2

E E:

/

(8)

2.2. Thermodynamic framework

The specific Helmholtz free energy of the material in 
reference configuration ℜ is divided as:

� � � �� �� � � �( )1
A M m (9)

where ψA and ψM are free energies of austenite and mar-
tensite, respectively. ψm is the free energy caused by 
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the martensitic transformation. Under the isothermal 
setting, ψA and ψM are written as:

�X
ijkl ij

e
kl
eXS E E X A M� ��1

2

1
( ) , (10)

where A and M represent austenite and martensite, re-
spectively. Sijkl

X  is the elastic compliance. The elastic 
property of each phase is supposed to be isotropic:

S
E

I X A Mijkl
X

ijkl ij
X

kl� � ��� �� �
1

1( ) ,� �� � (11)

where Iijkl ik jl il jk� ( / ) /� � � � 2  is fourth-order identity 
tensor, EX is the elastic modulus, and ν is Poisson’s ra-
tio. The effective elastic compliance is evaluated by the 
volume average of the elastic compliances of the two 
phases:

S S Sijkl ijkl ijkl
A M� � �( )1 � � (12)

Substituting Equations (10)–(12) into Equa-
tion (9), we get:

� �� ��1

2

1
( )S E Eijkl ij

e
kl
e m (13)

ψm is decomposed as:

� � �m mix ind� � (14)

ψmix originates from the austenite-martensite in-
terfacial energy (Jiang & Xiao, 2021; Xiao & Jiang, 
2020b):

� � ��mix
eq
tr

eq
tr

eq
trH E E E� � � ��� ��( ) ( )

max
1

2

1 (15)

where H1 is the material parameter governing the inter-
action between austenite and martensite. In Equation 
(14), ψind is the indicator energy finalizing martensitic 
transformation numerically when Eeq

tr  approaches to 
( )

max
Eeq
tr . The second law of thermodynamics in ref-

erence configuration ℜ is formulated as:

� = T
E

E T Le
e

e tr tr�
�
�

�
�
�

�
�
� � �

�
�

�
� �

�
�:  : 0 (16)

T F F TFe e e T

� � � � �

det
1 (17)

T F F TFtr e eT T

� � � �

det (18)

where T is Cauchy stress. One should note the difference 
among Te in Equation (17), Ttr in Equation (18) and the 
second Piola–Kirchhoff stress T F F TF

1 1� � � �� � �det
T , 

although they are defined in an apparently similar form. 
Since Equation (16) applies to all thermodynamic pro-
cesses, we get:

T
E

e
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eS E�
�
�

� �� 1 (19)

In the vein of Equations (16)–(19), we get:
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For the sake of brevity and simplicity, we intro-
duce the following definitions:

T
E
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(21)
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2.3. Transformation criterion

We recast Equation (21) according to the chain rule:

T
E

B
B

tr eq
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E T
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Referring to Xiao & Jiang (2020b), TB can be ex-
pressed as:
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where Ts is the critical back stress at the onset of mar-
tensitic transformation. d is set as a sufficiently small 
constant (1 × 10–4) and H2 an extremely large constant 
(2 × 104 GPa), as Xiao & Jiang (2020b) suggested. The 
transformation surface is assumed to be von Mises 
type, and the flowing rule is proposed to be:

2
0

3 ˆ ˆ:
2

  t t (26)

ˆ
tr 
 

T
L (27)

where t̂ is the deviator of  T̂, λ is the multiplier, and 
σ0 is the size of the transformation surface. 

3. Experimental setup

The NiTi sheet used in the experiment was purchased 
from Memry Corp. The austenite finish temperature is de-
termined to be 11℃ (Shuai & Xiao, 2020), indicating the 
material is superelastic at ambient temperatures (23℃).  
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The dog-bone specimen was machined from the sheet 
along the rolling direction. The thickness (t), the gauge 
length (L) and the gauge width (w) are 1 mm, 8 mm and 
2 mm respectively. The dimensions of the specimen are 
designed to make the gauge length much larger than 
the gauge width and thickness, accordingly the gauge 
section is under essentially uniaxial stress state. The 
tensile test is performed on an MTS testing machine at 
the strain rate of 1 × 10−4/s to preclude thermomechan-
ical coupling of superelastic NiTi. Stereo digital image 
correlation (DIC) is utilized to record the strain field of 
the sample throughout deformation. 

4. Finite-element implementation 

Via the backward Euler implicit integration scheme, the 
constitutive model is implemented into the ABAQUS 
user subroutine (UMAT). The size of the finite-element 
model is the same as the dog-bone sample used in the 
experiment, and it is discretized with 8960 C3D8I ele-
ments to get rid of mesh sensitivity. The mesh is shown 
in Figure 2a. The gauge section is meshed with uniform 
elements with size 0.2 mm × 0.2 mm × 0.5 mm such 
that there are 40, 10 and 2 elements in the longitudi-
nal, transverse and through-the-thickness directions. 
The elements in the remaining parts have similar sizes. 
In order to reproduce the boundary conditions of the 
experimental setup, the vertical displacement is pre-
scribed at the top of the numerical sample, whilst the 
other degrees of freedom of the top and bottom of the 
numerical sample are pinned.

The simulation results are calibrated with the ten-
sile test of superelastic NiTi. EA and EM are measured 
by the elastic stress-strain division of austenite and mar-
tensite, respectively. ν is set as 0.3. ε

max

t  is dictated by 
the maximum transformation strain. σs  is evaluated by 
the back stress at the onset of transformation. σ0  is de-

termined by half of the stress hysteresis. The softening 
modulus H1 adopted in the model is based on the one 
measured in the sandwich tensile test performed by Xiao 
et al. (2016). Material parameters are listed in Table 1. 

Table 1. Material parameters of the numerical model

Elastic parameters

EA = 60 GPa EM = 34 GPa � � 0 3.

Material parameters related to martensitic transformation

�
max

.
t � 0 06 �s � 230 MPa H

1
1 5� � .  GPa �

0
106�  MPa

5. Results and discussion

The stress-strain response and the evolution of the strain 
field obtained from the experiment are shown in Fig-
ure 1. The nominal stress is defined as the force divided 
by the initial cross-sectional area, and the global strain is 
defined as the extension of the gauge length divided by 
its initial value. The contours show the distribution of 
the nominal longitudinal strain within the gauge section. 
We can see that the deformation of superelastic NiTi is 
fulfilled by the propagation (Points 2 to 6) and retreating 
of the Lüders band (Points 8 to 11) at essentially constant 
stress, in accordance with the existing results (Kan et al., 
2016; Kim & Daly, 2013; Shaw & Kyriakides, 1997; 
Xiao et al., 2017; Xie et al., 2016). Martensite concen-
trates primarily within the Lüders band, so the strain 
within the band is higher than 5% while the strain out of 
the band is less than 1.5%. When Lüders band is short 
(Points 2 and 11), its front takes the form of an inclined 
angle of about 55° to the loading axis, consistent with the 
theoretical analysis of Hill (1952). Whereas as Lüders 
band grows, its front becomes symmetric to the loading 
axis (Points 4, 5, 8 and 9), which was also observed by 
Xiao & Jiang (2020a).

Fig. 1. Experimental results of the superelastic NiTi. The overall stress-strain response and the evolution of the strain field are provided
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As reported in Hallai & Kyriakides (2013), the mate-
rial softening during the martensitic transformation gives 
rise to the emergence of stress plateau and a Lüders-like 
deformation. From Figure 2, we can see that simulation 
can replicate the experimental measurement and obser-
vations reasonably, because negative H1 is involved in 
the constitutive model. The reasonably good agreement 
between the experimental and numerical stress-strain 
responses and deformation patterns shows that this con-
stitutive model is effective. In future research, we will 
perform other experiments using the same material and 
simulate them to further validate the constitutive model.

In order to analyze the effect of softening modu-
lus H1 on the numerical outcome, we vary the magnitude 
of H1 while keeping other characteristics of the intrinsic 
response similar. An overview of the simulated stress-
strain response and strain field is illustrated in Figure 3a 
and Figure 4. As indicated by Figure 3b, when |H1|  in-
creases, the local stress maximum prior to the stress pla-
teau rises and the stress undulation of the stress plateau 
gets more evident. The comparison of strain fields in Fig-
ure 4 shows that the variation of |H1| affects the Lüders-
like deformation of the numerical model significantly, 
in terms of the shape of the Lüders band, the inclination 

of the band front and the annihilation site of the Lüders 
band. When |H1| equals to 2.0 GPa and 2.5 GPa, it is pre-
dicted that a crisscross appears in front of the band front 
(see the contours at 4% and 5% during loading or 3% and 
4% during unloading), and the underlying mechanism re-
quires further investigation. By contrast, as |H1| decreases 
to 1.0 GPa and 0.5 GPa, the transition zone around the 
band front where the strain changes quickly from the large 
value above 5% to the small value below 1.5% becomes 
wider, and the band front becomes more visually diffused.

We also performed additional simulation by us-
ing a  constitutive model we developed before (Jiang 
& Xiao, 2021) based on infinitesimal strain. The nom-
inal stress-normalized elongation response and select-
ed longitudinal strain contours simulated are plotted in 
Figure 5. The results from the infinitesimal strain mod-
el are not rather distinct from those based on finite de-
formation, because material points in a uniaxial tension 
specimen do not incur significant rigid body rotations 
for the difference to show up. However, a finite strain 
constitutive model is necessary for analysis under gen-
eral loading conditions since the strain level of this ma-
terial can deform up to over 10%, which is quite large 
and finite rotations may occur.

Fig. 2. Simulation results of superelastic NiTi (H1 is set as −1.5 GPa according to Xiao et al. (2016)):  
a) front view of the FE mesh; b) the stress-strain response; c) the evolution of strain fields

a) b)

c)
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Fig. 3. The effect of H1 on the simulated stress-strain response of the numerical model: a) overview of stress-strain curves; 
b) enlarged stress-strain curves near local stress maximum during loading; c) enlarged stress-strain curves showing the stress 

undulation during loading

Fig. 4. The effect of H1 on the Lüders like deformation of the numerical model

a) b) c)
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Fig. 5. Nominal stress-normalized elongation response and select strain contours of  
superelastic NiTi simulated using the model in Jiang & Xiao (2021) based on infinitesimal deformation

4. Conclusions

In this paper, a finite-strain constitutive model is pro-
posed to reproduce the superelastic behavior of the NiTi 
shape memory alloy. The model is implemented into 
finite element code via a backwards Euler implicit in-
tegration scheme. The global mechanical response (e.g. 
stress-strain curve) and the local mechanical response 
(e.g. strain field) are simulated and verified with the 
experiment. The following conclusions can be drawn:

	– Both the experiment and the simulation show that 
the deformation of the superelastic NiTi is fulfilled 
by a Lüders-like deformation. Numerical investi-
gation indicates the emergence of the Lüders band 
is a consequence of material softening during mar-
tensitic transformation.

	– A parametric study demonstrates that the magnitude 
of softening modulus |H1| has a significant effect on 
the mechanical behavior of the superelastic NiTi. 
Increasing |H1| gives rise to higher stress maxima 
and more evident stress undulation of stress pla-
teau. It is anticipated that a crisscross will appear in 
front of the band front when |H1| is above 2.0 GPa.
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