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Abstract

In the present paper, the theory of the highest entropy production is discussed. It allows to predict, which phases will
grow during the multiphase ternary interdiffusion process. Moreover, the theory says, that phase with the highest entropy
production value will nucleate as first in the reaction zone. To verify the theory the mathematical formula for calculating
the entropy production was formulated. The formula bases on the generalized Darken method. Two diffusion couples:
pure titanium with high purity copper-nickel alloys with different initial composition: Ni10Cu90-Ti and Ni90Cul0-Ti (at
at.%) were annealed to obtain the thermodynamic and kinetic data. The integral diffusion coefficients for each component
in each phase were determined using Wagners method. The reaction zones in ternary system have been analyzed: the mi-
crostructure was observed and chemical compositions were measured. Based on obtained results the entropy production
was calculated. It can be expected, that the theory of the highest entropy production can be applied in determining a prop-

er diffusion path in multicomponent, multiphase system.

Key words: diffusion, Cu-Ni-Ti system, entropy production, diffusion path

1. INTRODUCTION

The sequence of structural and compositional
changes, which are observed during isothermal an-
nealing of diffusion couple is called a diffusion path
(Kizilyalli et al., 1999). Determination of diffusion
path in multicomponent and multiphase system ena-
bles prediction of microstructure and properties of
the alloys after isothermal annealing for particular
time. Therefore it helps to design protective coatings
and resistant materials in carburizing, nitriding and
oxidizing environments (Morral, 2012).

In unlimited binary systems under isothermal-
isobaric conditions, all intermediate phases will
growth after certain time in diffusion zone. Problem
in determination a "proper" diffusion path occurs,
when the number of components increases, because
the number of possible tracks also increases (Gusak,
2010).
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A first reference for understanding diffusion
paths in ternary systems was presented by Kirkaldy
and Brown (1963). The publication was consisted of
17 theorems, which were further developed by
Kirkaldy and Young (1987). Those 17 theorems,
with additional 11 were presented recently by Mor-
ral (2012). This last publication contains more in-
formation about diffusion paths in ternary systems
that passes through multiphase fields during reactive
diffusion.

The understanding of formation and growth of
different phases is slowly developing, but the prob-
lem of prediction of diffusion path is still unsolved
and the mathematical method for determination
"proper" diffusion path does not exist. In the litera-
ture one can find a similar approach to solve this
problem. Progogine (1961), Gusak (2010) and
Wierzba (2016) claim that when more than one dif-
fusion path is possible, the path with the highest
entropy production will be chosen. In this paper this
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hypothesis will be checked, mainly the entropy pro-
duction for two different diffusion paths will be
calculated and compared.

2. MATHEMATICAL DESCRIPTION

In the simplest case of isothermal - isobaric con-
ditions, the entropy production can be calculated
from (Danielewski & Wierzba, 2010):

1
a—Z]l ( grad—) @

where: o - entropy production, J&, uf" - diffu-
sion flux and chemical potential of the i-th
component (i = 1, 2, ..., r), respectively, T -
temperature. Diffusion flux J& can be calculat-
ed, using following form (Darken, 1948):

J& = N 2)

where N is the molar ratio and v¢ the diffusion
velocity of the i-th component. Diffusion veloci-
ty can be expressed using Nernst-Planck formu-
lae (Nernst, 1889; Plank, 1890):

vi = —Bgraduf™ 3)

where B; is the mobility of the i-th component.
Combining Equations (1), (2) and (3), we ob-
tain:

o= —; _, N;B;(graduf™)? (4)

Chemical potential can be calculated by the Gibbs
free energy (Wierzba, 2016):

_ 99
u ~ N, (5)
where g is the Gibbs free energy per 1 atom.
Equation (4) can be rewritten in the following
way:

o= -1 N;B; ( gradN )2 (6)

T JlaN

Substitution Equation (5) into Equation (6) yields:

-12 -

1
g =—

T

2
j=13n; aN ———gradN; ) @)

-1 N;B; (
When the concentration of the components in the
phases are within a narrow composition range, than
is practically impossible to obtain (with satisfactory
accuracy) local values of gradN;. Supposing, that in
the phase (v), the molar fraction of the component
and its diffusion coefficient are independent of x,
Equation (7) can be formulated as:

u )\ * ®)
RO lz N W (dﬂi )
l T 4 4 dx

i=1

Afterwards, by multiplying Equation (8) with
(dx)?, one gets:

1 2

O_Ev) (dx)z == r=1N§v)B§v) (dugv)) 9)
To minimize the possible errors of derivation,
the backward and forward difference of chemi-
cal potential over the phase (v) have been ap-
plied:

r
1
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l (v) | (v+1) (10)
ufv)

Combining equation (5) with Equation (10), the
following form is obtained:

(v-1)
=(v) _ 1yr W p() (99 _
D Tzl=1Nl' B; N>
ag . agvtd  gg») (11)
N[ [an®* N

By implementing the backward and forward differ-
ences again, the final form of the equation, that ena-
bles to calculate the entropy production in the reac-
tive diffusion system is obtained in the following
form:

1 1
50 = Z N(V) w |g( v) _ g(v ) g(v+ ) g(v) |
" N(V) N(V 1) N(V+1) N(V)l
g("“)—g(") g(V)_g(v 1)|
N(V+1) N(V) Ni(V)_Ni(v—l)| (12)
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In Equation (12) Bi(”) denotes the mobility of the i-
th component in the phase (v). One can calculate this
mobility using the following equation:

)
B® =2 (13)

kT

where Di(v) is the diffusion coefficient of i-th ele-
ment in the phase (v) and k denotes the Boltzmann
constant. In order to calculate the summation of
components and phases in Equation (12), it is neces-
sary to have knowledge about diffusion coefficient
of all phases that appear in reactive zone. This data
is usually lacking in literature for ternary and multi-
component systems. In such a case one can calculate
Wagner's diffusion coefficient for each phase.

The Wagner's diffusion coefficient. As it was pre-
viously mentioned, in the case of reaction diffusion,
it is practically impossible to accurately measure the
local values of concentration gradient across very
narrow composition range (Paul et al., 2011). In
order to avoid that problem, Wagner (1969) formu-
lated so called integrated (integral) diffusion coeffi-
cient Dy, defined as

n
N;

b = j DAAN, (14)

int —
N{

where Df denotes the unknown intediffusion coeffi-
cient in B-phase. The integration limits N; and N/,
that appear in Equation (14) are the unknown
boundaries of homogeneity range in the B-phase
(Paul et al., 2010). Wagner made two general as-
sumptions: (1) the end members of the diffusion
couple are pure elements or intermetallics, that show
negligible solubility; (2) the reaction between those
two end members leads to form only intermetallics
phases that exhibit the narrow homogeneity range.
Taking that into account, Wagner proposed the fol-
lowing formula for calculating integrated interdiffu-
sion coefficient in each phase (Wagner, 1969):

_ (Niﬁ — Ni—)(Ni+ — NiB) A_xﬁ

B
DF =
int Nl'+ _ Ni_ 2t
axg | (NENE\ Gw=p-1 (v v
o (le—zvi‘ Lv=2 vy, (N,

B_n- . (VE v
N;)Ax,,) + (%_ﬁ_) v=nt (“i_z (NF = N, )Axv)] (15)

where f denotes the phase of interest, N;* and
N; are the right- and left-hand side mole fractions of
i-th component respectively, Ax is the measured

thickness of the v phase, V,,/f and 1,5 denote molar
volume of the £ and v phase, respectively.

Knowledge about the value of diffusion coeffi-
cient gives valuable information about kinetics of the
growing phase. It is not enough however to deter-
mine which phase will occur in the reaction zone.
For example in Ti-Cu-Ni ternary system at 1073 K
there appear 8 different intermetallic phases and 3
different two-phase zones (Effenberg & llyenko,
2006) (figure 1). Not all of them would appear dur-
ing annealing - some of them are more stable than
the others, some grow faster, sometimes a metastable
phase would also appear (Wierzba, 2016). The in-
formation about the diffusion path in such a system
is of a crucial importance - Ti-Cu-Ni alloys are wide-
ly used as a shape memory metals (Effenberg &
llyenko, 2006; Li et al., 2016). The properties of
such phases have been already studied when it comes
to microstructure and properties (Nam et al., 1990;
Moberly et al., 1991, Ishida et al. 2013). However
the determination of the diffusion path in such a sys-
tem would allow to predict the properties of a diffu-
sion couple under specific conditions of temperature,
time and initial compositions of the alloys. Therefore
it will enable to design new materials or new applica-
tions of known alloys, depending on the expected
properties.

Cu gat.%g

Fig. 1. Ti-Ni-Cu phase diagram at 1073K (Ho et al., 2017)

3. EXPERIMENTS

In this paper two diffusion couples were pre-
pared: high purity Ti (99,7 at.%) were coupled with
NiCu alloy with two different compositions: Nil0-
Cu90 and Ni90-Cul0. Before diffusion annealing
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samples were cut to the rectangular shapes with di-
mensions of about 10 x 10 x 2 mm. The plates were
further ground and polished up to obtain mirror-like
surface finishing. Diffusion annealing was conduct-
ed at 1073K for 160 hours. Before heat treatment the
samples were coupled together in a molybdenum
frame and put into a glass tube of a furnace, where
there were flushed in the cold zone with high purity
argon (5.0). This process enables to avoid unneces-
sary oxidation of holder and diffusion couple and
helps to evacuate air from the furnace. After 5 hours
of such treatment couples were inserted into a hot
zone of the furnace, where there were annealed for
160 hours at 1073K in the inert gas (again high puri-
ty argon).

After the heat treatment, the couples were
mounted with the resin. To analyze microstructures
of the samples, the metallographic cross-sections
were prepared by grinding and polishing. The last
mentioned were performed using 0,25 pm granula-
tion of silica suspension. The cross-sections were
investigated using scanning election microscope
(SEM, S-3400 Hitachi Scanning Electrion Micro-
scope). The microstructure of the reaction zone was
observed and the chemical composition of the grow-
ing phases were measured.

4. RESULTS

4.1 Ni10-Cu90-Ti
Observation of the microstructure of the

diffusion couple Ti-Ni10Cu90 (figure 2) shows, that
after annealing at 1073 K for 160 h, the thickest
phase is TiCu, which reaches the thickness of about
23 um. Part the thickness of TiCu is 71, which can be
expressed with steichiometric formula of Ti(Nis-
xCUx)2. Figure 2 also revels the existance of very
narrow Ti,Cu phase.

TiCu

B 7 TSI " Sl e W~ ey el
Ti(Ni,,Cu,),

/,‘,1_._,_’.,,\ \_‘,\.,\_"J__’f.\f\-\_.,/‘___"_ AN
Ni10-Cu90 20 pm

Fig. 2. The microstructure of the Ti-Ni10Cu90 diffusion couple
after annealing at 1073K for 160 hours
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The thickness of the phases, are presented in
table 1. It is clearly visible in figure 2, that between
71 and initial alloy of Nil0Cu90, there appears two-
phase region. To simplify the calculations, it is
assumed that the diffusion path does not cross the
conode, but goes across it. The measured
concentration profile of Ti, Ni and Cu are presented
on figure 3.

The layer sequence, after annealing at 1073K for
160h is as follows: Nil0Cu90 — Ti(NixCuy)2 —
TiCu — Ti,Cu — Ti.

100 +

AR e e s,

R O
Wt L, Cu

80
60

40

Concentration, at. %

20

Maa Al LI =
—— : L
0 100 200 300 400 500

distance, pm

Fig. 3. Concentration profile of the Ti-Nil0Cu90 diffusion
couple after annealing at 1073K for 160 hours

Fig. 4. Diffusion path after diffusion annealing at 1073K for
160h of the Ti-Ni10Cu90 diffusion couple.

Diffusion coefficient in each phase was calculat-
ed in accordance with Equation (15), using Wagner's
method. Thickness of the phases were measured
with the help of digital software. The molar fraction
of the components is determined from concentration
profile (figure 3).
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The value of Gibbs free energy for those phases
is known in the literature (Barin, 1995). The results
of such calculation is presented in table 1.

Determination of diffusion coefficients in each
phase enables also applying Equation (12) to calcu-
lated entropy production in each phase (table 1).

Table 1. Results of calculation of Wagner's diffusion coefficient by Equation (15) and entropy production by Equation (12) after anneal-

ing at 1073K for 160 h
Phase, j Thickness | Average molar | Molar | Wagner's diffusion coefficient, cm?s! | Entropy
Ax, pm fraction volume production,
: : =7 =j =~j J com?
Ti Ni | Cu Joih the Dl D} Dl, r—
phase,
cm’
Ti --- 0,98 | 0,01 | 0,01 | 10,47 --- --- --
Ti2Cu 1,608 0,66 | 0,01 | 0,33 | 8,83 7,99-104 | 4,18-10°'7 | 8,56-1014 2,36-103
TiCu 23,45 0,49 | 0,02 | 0,50 | 8,22 1,62-1012 | 1,62-1015 | 1,73-1012 1,40-10-%0
Ti(Nii- 12,11 0,32 10,22 | 0,47 | 7,63 6,38:1071% | 4,35-101* | §,50-1013 8,24-1073
xCUX)Z
Nil0Cu90 | --- 0,01 | 0,09 | 0,90 | 7,06 — - - —

The highest value of entropy production was ob-
tained for TiCu (figure 5). The lowest value of en-
tropy production was calculated for Ti>Cu.

1,60E-030 -
TiCu

1,40E-030 -
1,20E-030 -
1,00E-030 . H
Ti(Ni, _Cu ),

8,00E-031 4 »

6,00E-031

Entropy production

4,00E-031 4

2,00E-031

0,00E+000 ~ -

-2,00E-031
Phase, j
Fig. 5. Representation of entropy production for each phase

that appeared after annealing the Ti-Nil0Cu90 diffusion
couple for 160 h at 1073K

4.2 Ni90-Cul0-Ti

The experimental procedure for Ti-Ni90Cul0
was similar to that performed for previous diffusion
couple. The microstructure after annealing at 1073K
for 160 hours is shown in figure 6.

One can distinguish 4 different phases: TizNi,
TiNi, Ti(NiixCuy)2, TiNiz of which TiNis is the
thickest (about 20 um). The thickness of all phases is
presented in table 2.

P T

TiNi G v e T e
\—-..N. .._.,1\—-——\_§_¢--—\._§,_§_—~__~
/Ti\(.h:cux)z
) '~r-“\-’—‘-\’-\_"J~“\A-\;——~\/.I—‘—~—"\’
TiNi,
.-‘_\‘q_'——-—‘*\_,\_,l ——————— P A
Ni90-Cu10

20 um

Fig. 6. Microstructure obtained after annealing the diffusion
couple Ti-Ni90Cul0 at 1073K for 160 hours.

The experimental concentration profile after anneal-
ing at 1073K for 160 hours is presented in figure 7.

100 4
vl"v:ﬂﬁl-:ﬁ ~ ..~'::w.ﬂ‘w ﬂ." Ni
80

~,

60

40 L]

Concentration, at. %

20 4 g Cu

o shha A el :
Y L L T Y T

b

04
0 50 100 150 200 250 300 350 400

distance, ym
Fig. 7. Experimental concentration profile of components after
annealing the Ti-Ni90Cul0 diffusion couple at 1073K for 160
hours.

-15 -

COMPUTER METHODS IN MATERIALS SCIENCE




COMPUTER METHODS IN MATERIALS SCIENCE

o
©

INFORMATYKA W TECHNOLOGII MATERIALOW

The diffusion path on ternary phase diagram Ti-
Cu-Ni is shown in figure 8.

Cu (at.%)

Fig. 8. Diffusion path of Ti-Ni90Cu10 diffusion couple at 1073K

Diffusion path in Ti-Ni90Cul0 diffusion path af-
ter annelaing at 1073K for 160 hours goes through
following phases: Ni90Cu-10 —TiNiz —Ti(Nis-
xCUx)2 = TiNi —»Ni;Ni —Ti.

For each of those intermetallics, the entropy
production was calculated. The results are presented
in table 2.

The highest value of entropy production was
obtained or TizNi and TiNi (figure 9). Considerably
slower value of entropy production was calculated
for TiNiz and Ti(Ni1xCux)a.

3,00E-019 TizNi
:
2,50E-019

2,00E-019

1,50E-019

Entropy production

1,00E-019

TiNi
A
5,00E-020 -

Ti(Ni,,Cu),  TiNi,

0,00E+000 -

T T T T 1
0 1 2 3 4 5
phase, j

Fig. 9. Entropy production for each phase, which appeared
after annelaing Ni90Cul0-Ti diffusion couple for 160 hours at
1073K

Table 2. Wagner's diffusion coefficient (Equation (15)) and entropy production (Equation (12)) for phases visible after annealing Ti-

Ni90 Cul0 at 1073K for 160 hour

Phase, j Thickness | Average molar Molar | Wagner's diffusion coefficient, Entropy
Ax, pm fraction volume | cm®s! production
i i 7 i i/ ] m?
Ti Ni | Cu gf the D/, b D!, L. cr:.
j-th
phase,
cm’
Ti -- 0,98 | 0,01 | 0,01 | 10,47 - -- -
Ti2Ni 5,95 0,66 | 0,33 | 0,01 | 8,63 2,90-103 | 2,86-10 1 | 6,83:10% | 2,83:10°%°
TiNi 8,224 0,49 | 0,49 | 0,02 | 7,95 4,95-1013 | 4,87-1013 | 3,35:10% | 7,43:102°
Ti(Ni- 7,575 0,33 10,39 | 0,28 | 7,55 4,59-108 | 4,12-10° | 8,74-10-* | 4,10-10°%!
xCUx)Z
TiNis 21,513 0,24 10,75 | 0,01 | 7,18 1,16-1012 | 7,74-10°13 | 3,58-101 | 1,23-1073°
Ni90CulO | --- 0,01 | 0,9 | 0,09 6,65 — - - _—

5. CONCLUSIONS

In the paper, the method which allow to deter-
mine the integral diffusion coefficients by Wagners
method was formulated. The calculated mobilities
allowed for determination the entropy production in
each phase. The reaction zones in ternary Ti-NiCu
system have been analyzed and entropy production
for diffusion paths was calculated.

-16 -

It was shown, that the entropy production allows
for determination of the sequence of the phase for-
mation in ternary Ti-NiCu system - the phase com-
petition problem. The above mentioned theory has
been already discussed in Ti-NiAl ternary system,
where it was proved, that maximization of entropy
production allows for determination of the diffusion
path in such a system (Wierzba, 2016). Therefore,
the authors expect, that the theory of the highest
entropy production can be applied in determining a
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proper diffusion path in multicomponent, multi-
phase system.
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NAJWYZSZA WARTOSC PRODUKCJI ENTROPII
W DYFUZJI

Streszczenie

W niniejszej pracy podjeto probe weryfikacji teorii o
najwyzszej wartosci produkcji entropii w procesie dyfu-
zji. Umozliwia ona przewidywanie, ktore fazy wystapia
w trakcie wygrzewania dyfuzyjnego wielofazowego ukta-
du tréjsktadnikowego. Zgodnie z teorig faza o najwyzszej
warto$ci produkcji entropii pojawi si¢ w strefie dyfuzyj-
nej jako pierwsza. W celu zweryfikowania poprawnosci
tej teorii wyprowadzono wzoér matematyczny umozliwia-
jacy obliczenie warto$ci produkcji entropii. Rownanie
zostato wyprowadzone w oparciu o uogoélniong metode
Darkena. W celu uzyskania danych termodynamicznych
i kinetycznych przeprowadzono wygrzewanie par dyfu-
zyjnych: tytan o wysokiej czystosci zetknigto ze stopami
miedz-nikiel o réznym st¢zeniu  poczatkowym:
Ni1l0Cu90-Ti i Ni90Cul0-Ti (% at.). Po procesie obser-
wowano mikrostrukture stref dyfuzyjnych oraz zbadano
sktad chemiczny w poszczegolnych fazach. Wykazano, ze
w strefie dyfuzyjnej dla pary Ti-Nil0Cu90 wystapity 3
fazy migdzymetaliczne: Ti,Cu, TiCu oraz Ti(NiixCuy)2
natomiast dla pary Ti-Ni90CulO 4 rozne fazy: TiNis,
Ti(Ni1xCuy)2, TiNi oraz Ti;Ni. Na podstawie profilow
stezen obliczono wspotczynniki dyfuzji Wagnera dla
kazdego sktadnika w kazdej fazie. Znajac wartosci wspot-
czynnika dyfuzji w kazdej z faz miedzymetalicznych
diagramu rownowagi fazowej mozna wyznaczy¢é wartos¢
produkcji entropii w catlym uktadzie. Wyniki wykazaty,
ze faza o najwigkszej wartosci produkcji entropii zostanie
utworzona w procesie dyfuzji jako pierwsza - w parze
Ni10Cu90-Ti byta to faza TiCu, natomiast w przypadku
pary Ni90Cul0-Ti byta to faza TipNi. Na podstawie ba-
dan stwierdzono, ze znajac warto$ci maksymalne produk-
cji entropii mozna scharakteryzowaé w jednoznaczny
sposob Sciezke dyfuzji pomiedzy Ti a NiCu.
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