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Abstract

The strain gradient magnetoelectroelasticity is applied to solve two-dimensional boundary value problems. The elec-
tric and magnetic field-strain gradient coupling is considered in constitutive equations. The meshless local Petrov-
Galerkin (MLPG) is developed to solve general problems. All field quantities are approximated by the moving least-
squares (MLS) scheme. Effective material properties for a piezomagnetic matrix with regularly distributed piezoelectric

fibres of a circular cross section and coating layer are presented.
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1. INTRODUCTION

It is well known that some composite materials
can provide superior properties compared to their
virgin monolithic constituent materials (Ryu et al.,
2002). The spatial arrangement of the fibres and
their geometry can influence the estimation of the
effective material properties of the unidirectional
composite. Magnetoelectroelastic (MEE) composites
are made of piezoelectric and magnetostrictive
phases coupled together. From earlier investigation
for macro-sized layered MEE it is well-known that
effective composite coefficients are higher than their
constituent ones (Bishay et al., 2012). A similar
enhancement of effective coefficients has been
observed for fibered composites. Kuo and Wang
(2012) optimized the effective magnetoelectric (ME)
voltage coefficient of fibrous composites made of
piezoelectric and piezomagnetic phases.

Due to the superior mechanical, electrical,
optical, chemical and other properties, the
nano/micro structures are utilized in many
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engineering fields. It is well known that
nanostructures are size-dependent (Cross, 2006;
Murmu & Pradhan, 2009; Ke et al., 2012; Liang et
al., 2013). The size effect phenomenon is observed if
the component dimension is comparable to the
material length scale. The size dependent structures
cannot be described by classical continuum
mechanics due to the lack of the material length
scale. Advanced continuum models with material
length parameter are frequently applied for the
investigation of nanomechanics due to their
computational efficiency and the capability to give
accurate results which are comparable to the
atomistic models (Tang et al., 2005).

In the present paper, governing equations for
magnetoelectroelastic solid in gradient -elasticity
with the corresponding boundary conditions are
derived from the variational principle. In recent
years, meshless formulations are becoming popular
due to their high adaptability and low costs to
prepare input and output data in numerical analysis.
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The moving least squares (MLS) approximation is
generally considered as one of many schemes to
interpolate discrete data with a reasonable accuracy.
The meshless Petrov-Galerkin (MLPG) method
(Sladek et al., 2013) is developed for the solution of
boundary value problems in the gradient theory of
magnetoelectroelasticity. The derived governing
partial differential equations are satisfied in a weak
form on small fictitious subdomains. Nodal points
are introduced and spread on the analyzed domain
and each node is surrounded by a small circle for
simplicity, but without loss of shape generality. For
a simple shape of subdomains like circles applied in
this paper, numerical integrations over them can be
easily carried out. The integral equations have a very
simple nonsingular form. The spatial variations of
the displacements, the electric and magnetic poten-
tials are approximated by the MLS scheme (Atluri,
2004).

2. GOVERNING EQUATIONS FOR
GRADIENT THEORY OF THE MEE

The electric field-strain gradient theory for nano-
dielectrics has been introduced by Hu and Shen
(2009). This theory is here extended for nano-
magnetoelectrroelastic material. The constitutive
equations for stresses, high-order stresses, electric
displacement and magnetic induction are given by

Oy =CiuVu— ekijEk - qkink
Tiw = _fz,‘klEi - hy‘sz i T & jtmni lni
D, = €Yy T EE o H i+ [l (D
B, = 9 7; + o, E +w, H +hy, M,

where €, W and ¢, are the second-order permittivity,
permeability and the fourth-order elastic constant
tensors, respectively. The symbol e denotes the pie-
zoelectric coefficient, q is the piezomagnetic coeffi-
cient, o is the electromagnetic coefficient, f is the
electric field—strain gradient coupling coefficient
tensor representing the higher-order electro-
mechanical coupling induced by the strain gradient
and h is the magnetic field—strain gradient coupling
coefficient tensor. The tensor g represents the purely
nonlocal elastic effects, i.e., the strain gradient elas-
ticity.
The strain gradient tensor is defined as

1
i = Vijx :E(ui,jk +uj,ik) (2)

The higher-order elastic parametersg,, , are

proportional to conventional elastic parameters ¢, ,

by the internal length material parameter / (Liang &
Shen, 2013). Similarly the electric field-strain gradi-
ent and magnetic field-strain gradient coupling coef-

ficient f,, and /&, is expressed by piezoelectric
and piezomagnetic coefficients, respectively, and
scaling parameter m.

Consider a piezoelectric solid in domain } with
boundaryI". The variation of electric Gibbs free
energy in gradient theory of magnetoelectroelastic
solids is given by

oU = J (O-lj581] +Tijk577ijk +Dk5¢,k +Hk5y/,k)dV
vV

3)

Applying the Gauss divergence theorem one gets

§U Z—I (O- -5ul~ +Ti'k,k5”i,j +Dk’k5¢+Hk,k§l//)dV+
V

g.J 7
r
—J |:(GU:] —Tl-jk’jk)é'ul- + Dk,k5¢+Hk,k§l//:| dv +
V

r

wherezz; is the Cartesian component of the unit

aui
tangent vector on I', §;:=—

) )
Q=mD,, S=n H; and the traction vector is

, Rl = nkn]Tl]k ,

defined as

pi(x9)| 6(x—x°)

with p; = m 7 ;7;;. , and the jump at a corner on the

oriented boundary contour I' is defined as

‘Pi(xc) = p;(x° +0) = p;(x° =0).

The work of the external “forces” (Z,Ri,é,g )
is given by

OW = [ 6u;dT+ [ Rs;dT+ [ Q8¢dT+ [ SSydT
T, Tz Iy Tg

(6)

From the principle of virtual work SU — oW =0,
the following governing equations are obtained from
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equations (4) and (6), since the variation du; =0 on

r

0, i (%)= Ty 5 (x)=0
Dy x(x)=0 (7)

Hy ,(x)=0

3. THE MESHLESS PETROV GALERKIN
METHOD

According to the meshless local Petrov-Galerkin
(MLPG) method, we construct a weak-form of (1)

over the local subdomains € around each node x'

inside the global domain V' (Sladek et al., 2013). The
local weak-form of the first governing equation (7)
can be written as

[0, 07, 0] w0 dQ =0 ®)

Q

where 1, (X) is a test function. The test function

can be arbitrary.
By choosing a Heaviside step function as the test

function u;; (x) in each subdomain as

* ()= 0, at xeQ
BTN 0 at xe Q)

the local weak-form (8) is converted into the follow-
ing local boundary integral equations

I ”j(o-ij _Tﬁk,k)dr+pi(X£)_pi(X§t):_ | 4dT

+T
9)

where definition of the traction vector (5) is utilized

LS su st

and x{t , Xy, stand for the final and starting points on
I'y,. Here, L is the local boundary that is totally

inside the global domain, I', is the part of the local
boundary which coincides with the global traction

boundary, and similarly I' , is the part of the local

boundary that coincides with the global displace-
ment boundary.

Similarly, the local boundary integral equations
are derived for the second and third governing equa-
tion (7)

[ oxdr=-[ 0(xdr (10)

L+Ty,

j S(x)dT =— j S(x)dT (11)

L4T Ty

s sy s,

where

O(x) =D, (x)n, (x) =
|:ekijui,j (x) =&y, (X) =W, (X)+ frpnty (X)] n

S(x) =B, (x)n, (x) =

[qkijui‘j (x)— ak1¢,1 (x)- MY, (x)+ hklmnul‘mn (X):| n;

In the present paper the trial functions are ap-
proximated by the moving least squares (MLS)
method on a number of nodes spread over the influ-
ence domain (Sladek et al., 2013). One can write

u'(x)=N"(x)-i= ZH:N”(X)ﬁ”
9'(x)= Y N (x)¢* (12)

v x)= DN

where the nodal values @ = (ﬁl" , Uy )T , ¢" and ¥
are fictitious parameters for the displacements, the
electric and magnetic potentials, respectively, and
N“(x) is the shape function associated with the
node a. The number of nodes 7 used for the approxi-
mation is determined by the weight function w*(X).

A 4" order spline-type weight function is applied in
the present work.

The traction vectors ¢ (x), electric charge
0O(x) and magnetic flux S(x) at a boundary point
Xe aQs can be approximated in terms of primary

fields. Substituting these expressions into the local
integral equations (9)-(11) one obtains a system of
ordinary differential equations for nodal quantities

z": j N(x)CB* (x)dT +

a=1\ . +1,,

j IZJV(X)C(Bf(x)+B;’(x))erﬁ“ +

LAT,

+i [ ¥LP(x)dT -

a=l\ L+T,
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j m’ N(X)L (P (x)+ P (x) T ¢ +

Ls +FSQ

+Zn: j N (X)MP* (x)dT —

a=l Ls +rsS

I JV(X)M(PI“(X)+P3“(X))dr Y.

L+T

+{TI(x))C B (x))+ B (x]) ] -

-TI(x,)C[ B (x}) +B5(x}) [} 0 == [ €(x)dT
Ty,

(13)

z( j N, (x)L"B*(x)dT — j m*N, (x)L'B?(x)dT —

) Li+Tyy

j m’N, (x)LTBg(x)dl"] A -

L+T,o

—Z[ j Nl(x)JP“(x)dl"}é“—

a=l\ 1, Ty

i[f M@MW@M@W“FJQ@MF (14

a=l \ L+Ts

Z( j N, (x)M"B*(x)dT + j N, (x)M"B! (x)dT +

a=l\ 4T L+T

j Nl(x)MTB;l(x)dl"Jﬁ“ -
L+T g

a=1\ L, +T

—i( [ NI(X)AP“(X)dF}é“ -

Z( [ Nl(x)IP”(x)dl"]y}“ =— [ S(ar  (15)

a=l\ L +T g
where
n,

} NI(X):[nl ”3] >

n

7, 0 m
H(x) =
0 m

N7 0 Ni, 0
B'x)=| 0 Ni|. Bi(0=| 0 N .
N3 Ny N3 N
N, 0
Bix)=| 0 N3 |,
N3 Ni

The matricesC, L, and M represent material
coefficients in the constitutive equation (1) for

stresses. Similarly, the matrices LT, J, and A corre-
spond to electrical displacements.

4. COATED CIRCULAR PIEZOELECTRIC
FIBER IN PIEZOMAGNETIC MATRIX

The proposed computational method is applied
for evaluation of effective material parameters for
a piezomagnetic matrix with regularly distributed
piezoelectric fibres of a circular cross section. For
a regular distribution of fibres it is sufficient to con-
sider only one fibre in the square domain (axa) as
the RVE (figure 1). The polarization in our
numerical analyses is considered in transversal
direction, x3 -axis.

A X3

PM

2 XI
»

a

> »
< »

Fig. 1. Representative volume element (RVE) with piezomagnet-
ic phase as matrix and piezoelectric phase as embedded fibre
which has a coating layer of thickness h.

The effective material coefficients of MEE sol-
ids are computed from the constitutive equations
rewritten for the average values of the secondary
fields and the average values of conjugated fields
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1 1
1
a Q

If a uniform strain alongx, and vanishing elec-

tric and magnetic potentials are considered as we get
following average values of the secondary fields

(n1)=71=const, (r33)=0, (n3)=0, (£)=0,
(H;)=0, <77,-,-k>=0-

By this way we are able to compute following

effective material parameters ¢, ¢Z, e, ¢ .

Similarly, we consider a uniform strain along x; and
vanishing electric and magnetic potentials and ana-
logically uniform electric intensity and magnetic
fields are considered in several boundary value prob-
lems.

a)

3,50E+11

3,00E+11 p

2,50E+11 -
& {
& 2,00E+11 - !
Z
N 150E+11 - -
by - classical ¢=0

1,00E+11 + —&—gradient g=1

s00E+10 4 |7 a4

0,00E+00

0 005 01 015 02 025 03
Fiber Volume Fraction (-)

¢)

2,80E+11
2,60E+11 4
240E+11
?2,20E+11 1 >
£ 2,00E+11 -
"’,:,5 L80E+11 4 | —e~classical =0
© 1,60E+11 - | —4—gradient g=1
1,40E+11
1,20E+11
1,00E+11

—— q=4

0 0,05 0,1 0,15 0,2 0,25 0,3
Fiber Volume Fraction (-)

~ L20E-I1 1

In numerical analyses the fibre is coated by the
piezomagnetic material Terfenol-D. The matrix ma-
terial parameter is CoFe,O,4 and values are given in
work (Pan & Chen, 2015). The piezoelectric fibre is
consider as BaTiOs.

The strain-gradient piezoelectric model can be
reduced to the classical piezoelectric model if the
internal length material parameter, /, and scaling
parameter, m, appearing in constitutive equations
vanish. The classical piezoelectric model has been
analyzed in earlier author's paper (Sladek et al.,
2016a). In order to assess the size effect, we can
introduce the strain-gradient size-factor, ¢, as

1 =q~lg, m? zq-mg
where mg =2x10"m and ly= 5%10m are fixed
parameters selected for PZTS5-H (Sladek et al
2016b), where microstructure is similar to Terfenol-
D. A very fine regular node distribution with 18988
nodes has been employed.

b)

1,80E+11

[
1,60E+11 -
140E+11 -

£ 1,00E+11 -
< 8,00E+10
%6 Q0E+10
4,00E+10
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0,00E+00

—o—classical ¢=0
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—— =4

0 005 01 015 02 025 03
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d)
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L
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Fig. 2. Variation of effective elastic coefficients with volume fraction of coated fibre
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Effective material parameters are computed for
the values of fibre volume fraction in interval from
0.05 to 0.3. The numerical results for effective elas-
tic material parameters are presented in figure 2. All
effective elastic coefficients decrease with growing
fibre volume fraction. One can also observe that
effective elastic coefficients increase with increasing
strain gradient parameter ¢, but are saturated when ¢
equals 4. However, this enhancement is not signifi-
cant due to a small volume fraction of the cladding
layer on the whole composite content.

Variation of effective magnetoelectric coeffi-
cients with volume fraction of coated fibre is shown
in figure 3. The magnitude of these coefficients in-
creases if the volume fraction is increasing. One can
also observe a strong influence of strain gradient
theory on the effective magnetoelectric coefficients.
The effective magnetoelectric coefficients are en-
hanced as compared to classical model, particularly
when ¢ is large.

a)

-SE-11
-1E-10

: -1,5E-10
-2E-10
-2,5E-10
-3E-10 —o—classical g=0
-3,5E-10 ~ —&—gradient q=1
4E10 4 | — a4
-4,5E-10

D

o (Ns(VC)

0 005 01 015 02 025 03
Fiber Volume Fraction (-)

influence of the coating layer on the effective ME
coefficient is dominant although the ME coefficients
for all three composite constituents (fibre, matrix,
coating) are zero.

The strain-gradient theory should be employed if
the the dimensions of the analyzed problem are of
the same order of magnitude as the internal material
length. Numerical results illustrate that size-effect
phenomenon has to be considered in such cases.
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Fig. 3. Variation of effective magnetoelectric coefficients with volume fraction of coated fibre

5. CONCLUSIONS

The MLPG method is developed for the evalua-
tion of effective material properties in MEE compo-
site materials described by a gradient theory. The
electric and magnetic field-strain gradient coupling
is considered in constitutive equations. The govern-
ing equations are derived by virtue of the variational
principle. The local integral equations for the solu-
tion of 2D boundary value problems of magnetoelec-
troelasticity are derived too.

It follows from numerical analyses that effective
elastic and magnetoelectric (ME) coefficients are
influenced  significantly by  strain-gradients.
A stronger influence of the coating layer is observed
for the effective magnetoelectric coefficient. The
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BEZSIATKOWA LOKALNA METODA
PETROVA-GALERKINA W GRADIENTOWEJ TEORII
DLA ZALEZNYCH OD ROZMIARU PROBLEMOW
W MAGNETOELEKTROSPREZYSTOSCI

Streszczenie

Celem pracy bylo zastosowanie magneto-elektro-sprezystosci
charakteryzujacej si¢ gradientem odksztalcen do rozwigzania
problemu brzegowego w domenie 2D. Prawo konstytutywne
stanowi problem pol elektrycznego i magnetycznego sprzezonych
z odksztatceniami. Do rozwigzania ogo6lnego zadania wykorzysta-
no bezsiatkowa lokalng metode Petrova-Galerkina (ang. the
meshless local Petrov-Galerkin - MLPG). Wszystkie rownania
pola przyblizono metoda ruchomych najmniejszych kwadratow
(ang. the moving least-squares - MLS). Wyznaczono efektywne
wilasnosci materialowe dla piezomagnetycznej osnowy z rowno-
miernie roztozonymi piezoelektrycznymi widoknami o okragtym
przekroju poprzecznym i pokrytych warstwa.
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