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Abstract 
 

The subject of the paper is connected with the microscale heat transfer proceeding in the metal domain. In particular, 
the heating process of thin metal film subjected to an external heat flux is analysed. Thermal processes in the domain con-
sidered are described by the dual-phase lag equation (DPLE) supplemented by the appropriate boundary and initial condi-
tions. At the stage of numerical modeling the variant of the boundary element method called the BEM using discretization 
in time is applied. So far, this method has not been used for the hyperbolic equations describing the micro-scale heat 
transfer. In the final part the example of computations is shown. 
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1. INTRODUCTION 

The subject of the paper is connected with the 
numerical modeling of thermal processes proceeding 
in the thin metal film subjected to an ultra-short heat 
pulse. From the practical point of view the analysis 
of heat conduction in the homogeneous or heteroge-
neous metal layers is of great importance in the de-
signing of micro-scale technologies (Grigoropoulos 
et al., 2007; Zhang, 2007). So, the problems associ-
ated with the rapid heating of the solids become 
a very active research area especially during the last 
several years, for example (Al-Nimr, 1997; Tang & 
Araki, 1999; Chen & Beraun, 2001; Mochnacki & 
Paruch, 2013; Majchrzak et al., 2009a). The mathe-
matical models of thin films heating based on the 
PDE are other than the classical equations describing 
the macroscale thermal diffusion. It results, among 
others, from the extremely short duration, extreme 
temperature gradients and very small geometrical 
dimensions of the domain considered (Hen et al., 
2004; Smith & Norris, 2003; Tzou, 1997). In this 

place the Cattaneo-Vernotte equation (Cattaneo, 
1958; Özișik, 1994; Tamma & Zhou, 1998), the dual 
phase lag model (Chou & Yang, 2009; Majchrzak et 
al., 2009b; Majchrzak & Mochnacki, 2014; Rama-
dan et al., 2009), the two-temperature (parabolic or 
hyperbolic) models (Chen & Beraun, 2001; Anisi-
mov et al., 1974) and the Boltzmann lattice method 
(Ho et al., 2003) can be mentioned. In this paper the 
mathematical model of the process is based on the 
dual phase lag equation supplemented by the appro-
priate boundary-initial conditions.  

The typical practical problems in the area of mi-
croscale heat transfer can be effectively examined 
only by the using of numerical methods. So far, a 
large majority of numerical solutions have been 
obtained by use of the finite difference method – e.g. 
(Majchrzak et al,. 2009c; Mochnacki & Paruch, 
2013). Here, the algorithm based on the boundary 
element method is proposed. In particular the ver-
sion of this method called the BEM using discretiza-
tion in time is applied. 
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2. GOVERNING EQUATIONS 

The dual phase lag equation results from the 
generalized form of the Fourier law containing two 
lag times, in particular the relaxation and thermaliza-
tion ones (Chen & Beraun, 2001; Chen et al. 2004; 
Zhang 2007; Tzou 1997), namely 

 ( ) ( ), λ ,q TX t T X t+ τ = − ∇ + τq  (1) 

where q is a heat flux, λ is a thermal conductivity, τq 
and τT are the phase lags (relaxation and thermaliza-
tion times), X, t are the geometrical co-ordinates and 
time. 

Using the Taylor series expansions, the follow-
ing first-order approximation of equation (1) is ob-
tained 

  (2) 

Introducing this formula to the well known dif-
fusion equation after the mathematical manipula-
tions one has  

[ ]
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( , ) ( , )τ λ ( , )

λ ( , ) ( , )τ ( , ) τ
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T q

T X t T X t
c T X t

t t
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t t

 ∂ ∂+ = ∇ ∇ + ∂ ∂ 
∂ ∇ ∇ ∂+ +

∂ ∂
 (3) 

where c is a volumetric specific heat of material, Q 
is the capacity of internal heat sources.  

The heating process of the thin metal film can be 
described by the one dimensional DPLE (taking into 
account the geometrical properties of domain con-
sidered, the 1D model x ∈ [0, G] is quite accepta-
ble), at the same time the function describing the 
internal heat sources is equal to 0. So, for the con-
stant values of thermophysical parameters the fol-
lowing energy equation should be considered 

  (4) 

The equation (4) is supplemented by the 
modified Neumann boundary conditions for x = 
0 and x = G 

( ) ( )2, ,( , )
( , ) b

b q T

T x t T x tq x t
q x t

t x t x

 ∂ ∂∂+ τ = −λ + τ ∂ ∂ ∂ ∂ 
  (5) 

where qb is the boundary heat flux (for x = G: qb = 
0). The initial conditions (the initial temperature and 
initial heating rate v(x, 0)) are also given. 

3. THE BEM USING DISCRETIZATION IN 
TIME 

To solve the problem considered, the BEM using 
discretization in time called also the combined vari-
ant of the BEM (Brebbia et al., 1984; Curran et al., 
1980; Szopa, 1999) in the extended version corre-
sponding to the hyperbolic PDE is applied.  

Let us introduce the temporal mesh 

 { }0 1 2 1: , ,..., , , ,...f f f S
t t t t t t t− −Ω < ∞  (6) 

with the constant step tΔ . To use the method pro-
posed, the equation (4) is transformed to the form 
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After the mathematical manipulations one has 
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or 
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To apply the weighted residual method criterion 
(WRMC) the difference R between the left- and 
right-hand side of equation (9)  must be introduced. 
In the case considered R corresponds to the left-hand 
side of equation (9), of course. The WRMC for the 
1D problem takes a form (Brebbia et al., 1984)

  *

0

(ξ , ) d   0
G

R  T   x  x⋅ =  (11) 

where T * (ξ, x) is the fundamental solution and for 
the 1D objects oriented in rectangular co-ordinate 
system it is a function of the form 

 ( )* 1
( ξ, )   exp ξ

2  
T    x  x B  

B
= − −  (12) 

while ξ ∈ (0, G) is called the observation point. 
One can check that the fundamental solution ful-

fils the equation 

 
2 *

*
2

(ξ , )
(ξ , ) δ ( ξ , )

T   x 
  BT   x        x 

x

∂ − = −
∂

 (13) 

where δ (ξ, x) is the Dirac function. 
The formula determining the heat flux resulting 

from the fundamental solution q * (ξ, x) =  
−λ ∂T *(ξ, x) / ∂x should be calculated, this means 

( )* λsgn( )
( , )   exp    

2

x
q x x B

− ξξ = − − ξ  (14) 

where sgn(·) is the sign function. 
Integrating twice by parts the first component of 

equation (11) and taking into account the property of 
fundamental solution (13), one obtains 
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  (15) 

Finally, the equation (15) takes the form 
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where 
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  (17) 

To calculate the integral ( , )fZ tξ , the domain 

[0, G] is divided into n internal cells, and next this 
integral is substituted by the sum of integrals from  
xj−1 to xj . These integrals are calculated using the 6-
points Gauss quadratures. The constant internal cells 
are used here and then the nodes 0 and n+1 are lo-
cated on the boundaries x = 0 and x = L. 

For ξ 0→  and ξ G→  one obtains the system 

of equations which can be written in the matrix form 

 f f f⋅ ⋅A W = B T + Z  (18) 

where
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B  (20) 

 

  (21) 

At the end of this part of considerations, the 
problem of matrix Wf elements computations should 
be explained. So, the modified Neumann condition 
(5) can be written in the form 
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and next 
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  (23) 

If for x = 0 the boundary heat flux is a constant value 
(as in the examples presented below) then 

1 1
1 0λτ

(0, )
τ τ / 2

f f
f T

b
T T

T Tt
W t q

t t h

− −−Δ= −
Δ + Δ +

 (24) 

while for x = G (the no-flux condition) one has 

 
1 1

1λτ
( , )

τ / 2

f f
f n nT

T

T T
W G t

t h

− −
+ −= −

Δ +
 (25) 

where h is the length of internal cell. The knowledge 
of the boundary values allows one to calculate the 
values of temperatures for time t f at the set of internal 

points ξ j  

* *

* *

1 1
(ξ , ) ( ξ , ) ( , ) ( ξ , 0) (0 , )

λ λ
1 1

( ξ , ) ( , ) ( ξ , 0) (0 , ) (ξ , )
λ λ

f f f
j j j

f f f
j j j

T t q   G T G  t q   T   t

T   G W G  t T   W   t Z t

= − −

+ +

  (26) 

The obtained temperature field constitutes the 
pseudo-initial condition for the next loop of compu-
tations. 

4. EXAMPLE OF COMPUTATIONS 

At the stage of preliminary studies the simple 
example having the analytical solution (Dai & Nas-
sar, 2001) has been considered. In particular, the 
heating of the single layer (G = 10−4) and the ther-
mophysical parameters equal to λ = 1, c = 1, τ q = 
1/π2 + 100, τ T = 1/ π 2 + 10-6 is analyzed. The pro-
cess is described by the following hyperbolic PDE 

 

2

2 2

2 3
6

2 2 2

( , ) 1 ( , )
100

π
( , ) 1 ( , )

10
π

T x t T x t

t t

T x t T x t

x t x
−

∂ ∂ + + = ∂ ∂ 
∂ ∂ + + ∂ ∂ ∂ 

 (27) 

The boundary – initial conditions are of the form 

 (0, ) 0, ( , ) 0T t T G t= =  (28) 

 

  

(29)

 

One can check that the analytical solution of the 
problem formulated above is the following (Dai & 
Nassar, 2001) 

 2 4( , ) exp( π ) sin(10 π )T x t t x= −  (30) 

In figure 1 the comparison of analytical and nu-
merical solutions at the points x = G / 4 and x =G / 2 
is shown. The computations have been done for time 
step ∆t = 0.005 and n = 200 internal cells. A very 
good agreement between both solutions is visible. 
Additionally, one can see that the initial temperatures 
(t=0)  at the points x=G/4 and  x=G/2 are different. It 
results from the harmonic form of condition (29). 
 

 
Fig. 1. Analytical and numerical solutions: 1 – x=G/4, 2 – 
x=G/2 

Let us define the error of numerical solution as 
follows 

 
( ) ( )2

1 0

1

1

F n
f f

j a j
f j

Err T T
F n = =

= −
+   (31) 

where F is the number of time steps, while Tf
aj are 

the local and temporary temperatures resulting from 
the analytical solution. The testing computations 
concerning the values of Err for different discretiza-
tions of time and space are collected in table 1. 
 
 

 
4( , 0) sin(10 π ),T x x=
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Table 1. Error for different time steps and number of internal 
cells. 

∆t [s] n = 50 n = 100 n = 200 n = 1000 

0.0005 − − − 4.797·10−4 

0.001 − − 3.988·10−4 1.026·10−3 

0.005 2.810·10−3 4.218·10−3 4.608·10−3 4.744·10−3 

0.01 7.276·10−3 8.019·10−3 8.227·10−3 8.306·10−3 

0.015 1.004·10−2 1.055·10−2 1.070·10−2 1.076·10−2 

 
Selection of the appropriate time step for the 

presumed discretization of the domain is rather diffi-
cult. In a number of numerical simulations the time 
interval must be short (for example the action of the 
ultrashort laser pulse) and then the number of inter-
nal cells should be increased.  

 
Fig. 2. Temperature history at the selected points (qb=1012 
W/m2) 

 
Fig. 3. Temperature history at the selected points (qb=5·1012 
W/m2) 

Next, the more practical problems have been 
solved. The chromium layer with a thickness of 
100 nm and thermophysical parameters collected in 
(Majchrzak et al., 2009c) has been considered. The 
surface x = 0 is subjected to a heat flux equal to 
1012 W/m2 and next 5·1012 W/m2, while the exposure 
time equals 1 ps. The surface x = G is insulated. For 
t = 0: T(x, 0) = 300 K, heating rate v(x, 0) = 0. In 
figure 2 the temperature histories at the points 1 (x = 
0), 2 (x = 2.5 nm), 3 (x = 5 nm) for qb = 1012 W/m2, 
while in figure 3 the similar solution for qb =  
5·1012 W/m2 are shown.  

5. CONCLUSIONS 

As would be expected the temporary tempera-
tures corresponding to the second solution are high-
er, of course. In spite of the fact that the exposure 
time is exceeded the chromium layer further heats 
up. It results from the delay times included in the 
dual phase lag model. In the case of the Fourier-type 
models the beginning of temperature dropping (close 
to the boundary surface) takes place immediately 
after the timeout action of external heat source. This 
effect is particularly visible for the lower values of 
qb.  

At the stage of numerical computations the BEM 
using disretization in time has been applied. Transi-
tion from time t f−1 to t f requires the solution of 
a system of two linear equations, next the internal 
temperatures are calculated separately. It is undoubt-
edly the advantage of the method. Unfortunately it is 
not easy to choose the proper time step. The authors 
also noticed that for x = G the boundary temperature 
slightly decreases below the initial temperature. It is 
incorrect from a physical point of view and results 
from the error of numerical method. Generally 
speaking the BEM using discretization in time is 
more effective in the case of parabolic equations. 
Comparing the finite difference method with the 
BEM using discretization in time it should be noted 
that these methods have their pros and cons. As 
mentioned, in the case of the BEM the system of 
equations is connected only with the boundary 
nodes, while the internal temperatures are calculated 
at the second stage of numerical algorithm. The 
BEM assures good approximation of the boundary 
conditions. On the other hand, however, the FDM is 
simpler from the theoretical and numerical points of 
view. Additionally, the proper choice of time step is 
very simple and limited only by the stability condi-
tion (for explicit scheme, of course). The essentially 
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better seems to be the generalized boundary element 
method developed by Majchrzak (2010) and 
Majchrzak and Turchan (2015) in the scope of bioheat 
transfer. The authors intend to use the GBEM for the 
solution of the tasks similar to the problem discussed 
in this paper.  
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MODEL NUMERYCZNY NAGRZEWANIA 
ULTRACIENKIEJ WARSTWY METALOWEJ 

Z WYKORZYSTANIEM KOMBINOWANEJ METODY 
ELEMENTÓW BRZEGOWYCH 

Streszczenie 
 
Temat pracy jest związany z mikroskalowym przepływem 

ciepła zachodzącym w ultracienkich warstwach metalowych. 
W szczególności rozpatruje się nagrzewanie warstwy poddanej 
działaniu zewnętrznego strumienia ciepła o zadanej wydajności. 
Procesy cieplne zachodzące w rozpatrywanym obszarze opisano 
wykorzystując równanie z dwoma czasami opóźnień uzupełnione 
odpowiednimi warunkami brzegowo-początkowymi. Na etapie 
obliczeń numerycznych wykorzystano tzw. kombinowany wariant 
metody elementów brzegowych. Jak dotąd, metoda ta nie była 
używana do przybliżonego rozwiązywania hiperbolicznych rów-
nań różniczkowych cząstkowych opisujących przepływ ciepła 
w mikroskali. W końcowej części pracy pokazano wyniki obli-
czeń numerycznych. 
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