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Abstract

The knowledge of material structure allows to predict the mechanical properties of alloy casting. Such structure can
be modelled in micro- and mesoscale. The first way is connected with alloy morphology and enables one to find out the
shape of grains emerging during the solidification process. The second way allows to define the magnitude and distribu-
tion of these grains in the casting structure. Learning both of these ways greatly enhances one’s knowledge about such
mechanical phenomena as emerging stresses, strains, hot cracking and many others. This information makes it possible
for one to predict the behaviour of castings during the cooling process or the further product exploitation. The one of the
most difficult issues in the numerical and computer simulations of solidification is the modelling of the structure evolving
in the casting. These simulations are extremely important in the work of an engineer in the foundry industry. The paper
deals with a numerical modelling of equiaxed microstructure formation during the solidification of two-component alloys.
The basic enthalpy formulation was applied to model the solidification. The equiaxed grain size depends on the average
cooling velocity at the moment when the liquid metal reaches the liquidus temperature. The experimentally determined
dependence between grain radius and cooling velocity was used in the calculation of average grain radii distribution.
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1. INTRODUCTION

The cast products are characterised by the fact
that their shapes and properties are formed when
liquid metal is passing to the solid state. The casting
solidification is a heterogeneous process, which
means that solidification proceeds differently in
every point of the casting. The change from the lig-
uid to the solid state is a process composed of many
physical phenomena. One of the most important
ones is the microstructure formation. The micro-
structure formation is so important because it deter-
mines the usability values of sound castings and also
influences the thermo-mechanical states in the solid-
ifying and cooling castings. The casting microstruc-
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ture is mainly composed of three zones of grains:
equiaxed chill, columnar and equiaxed. The last one
mostly has a dendritic structure. In many cases the
microstructure of whole castings is composed only
from equiaxed grains. This often occurs in non-
ferrous metal castings.

The casting process is one of the most direct and
shortest routes from a component design to a final
product. This makes casting one of the major manu-
facturing processes, while making casting alloys
some of the most widely used materials. One of the
main reasons for the versatility of the casting pro-
cess is the wide range of mechanical and physical
properties covered by casting alloys. They may be of
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complex equipment and they are used in 90% of all
manufactured goods (Stefanescu, 2001).

Solidification is an inherent part of the casting
process. The structure of the casting is generated
during the solidification and is also often the final
structure of the casting. This in turn makes the me-
chanical properties of the casting, which are a direct
consequence of the microstructure, controlled
through the solidification process (Jamaly et al.,
2015; Stefanescu et al., 2012). Solidification models
often analyse solidification events at a micro-,
amacro- and an intermediate scale — a mesoscale
(Gawronska et al., 2016; Gawronska & Wodo, 2012;
Gawronska & Wodo, 2013). The intermediate scale
allows for the description of the microstructure fea-
tures at grain level, without resolving the grain
boundary. On this level solid-liquid interface ap-
pears in three regions: liquid, mushy (containing
both liquid and solid phase), and solid. The macro-
scale is related to the (growing) solid phase as a
whole and allows for the description of certain pa-
rameters such as the dimension of the grains or the
extent zones of particular types of structures.

The casting solidification is a heterogeneous
process, so it is different in each point of the casting.
The course of the solidification can be described by
a cooling curve or by a solidification curve — a curve
between the liquidus and solidus lines in the phase
diagram (see figure 1).

The first case describes the variation of the tem-
perature within time and allows for the designate of
the cooling rate at any time during the process.
Whereas the second case is characterized by the
quantitative changes of the part of solid and liquid
phase in function of temperature. All possible solidi-
fication curves — describing changes of temperature
during process (e.g. line no. 3 in figure 1) take place
between two extreme cases i.e. equilibrium solidifi-
cation (lever rule - line no. 1 in figure 1) and non-
equilibrium solidification without back-diffusion
(line no. 2 in figure 1). The first of them describes
homogeneous distribution of solute concentration
both when in liquid and solid phase of the casting.
The second of them describes significant pushing
out of solute to liquid phase and lack of diffusion of
solute in solid phase. During the indirect solidifica-
tion — between Scheil model and non-equilibrium
solidification model (line no. 3 in figure 1 there is no
alignment of the distribution of solute concentration
in solid phase but there is a significant diffusion of
solute. In the real castings, except for the rapidly
solidifying layers adjoining to the mould and the

slowly solidifying central areas of the massive cast-
ings, the indirect solidification occurs.

Numerical simulations are used for optimization
of casting production. In many cases they are only
possible technique for carrying out experiments
whose real statement is complicated. Computer
modelling allows defining the major factors for
a quality estimation of alloy castings. Simulations
help to investigate interaction between solidifying
casting and changes of its parameters or initial con-
ditions (Dyja et al., 2015a; Dyja et al., 2015b; Dyja
et al.,, 2014). In order to achieve the efficient per-
formance of large series of computational studies
using reasonable resources, the framework needs to
be not only accurate but also computationally effi-
cient. Increasing capacity of computer memory
makes it possible to consider growing problem sizes.
At the same time, increase of the precision of simu-
lations triggers even greater load. There are several
ways to tackle this kind of problems. For instance,
one can use parallel computers (Kim & Sandberg,
2012; Wyrzykowski et al., 2014), the other can use
accelerated architectures such as GPUs (Michalski
& Sczygiol, 2015) or FPGAs (Yang et al., 2012),
and another can use special organization of compu-
tations (Gawronska & Sczygiol, 2010; Gawronska &
Sczygiol, 2015; Ghoneim & Ojo, 2011).

In this paper we are concerned only with a part
of the numerical modelling of thermo-mechanical
phenomena occurring during the production of cast-
ings, i.e. the solidification and the formation of
structure. We focus on the enthalpy formulation of
solidification which is characterized by high effi-
ciency in connection with the finite elements method
(Date, 1994; Duan et al., 2002; Famouri et al., 2013;
Ganguly & Chakraborty, 2006; Zienkiewicz & Tay-
lor, 2000). We have described our own model of
indirect solidification instead of the traditional mod-
els of equilibrium and non-equilibrium solidification
(Sczygiol, 2000). We assumed that in the casting
only one type of structure can be formed, namely the
equiaxed structure. The grain size depended on the
cooling rate. We carried out the numerical simula-
tions of solidification for the alloy solidifying in the
metal mould. The results are showed as distributions
of the cooling rates and the average radii of the
equiaxed grains. We have assumed the continuity
boundary condition between the mould and the cast-
ing, while between the casting mould and the envi-
ronment the Newton boundary condition has been
assumed. We have transformed the equation describ-
ing the solidification into a system of algebraic
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equations with the use of finite element method,
Bubnov-Galerkin method and Green-Gauss theorem.
After having done semi-discretisation and having
got the equations consisting only of the time deriva-
tive, we have used one of the time integration
schemes to get the results in which we were interest-
ed (Wood, 1990). We have also used parallel pro-
cessing to assure effective time duration for simula-
tions. During the implementation we have used
TalyFem and PETSc libraries which allowed us to
split structures such as matrices and vectors into
many computing nodes (Balay et al., 2014; website
about MPIL, 2016; Kodali & Ganapathysubramanian,
2012; Wodo & Ganapathysubramanian, 2011).
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Fig. 1. Models of solid phase growth in binary alloys (T — tem-
perature, C —chemical composition of the alloy; Ty, — solidifica-
tion temperature of the base component (melt temperature), T; —
liquidus temperature, T; — solidus temperature for equilibrium
solidification Tsg — solidus temperature for indirect solidifica-
tion).

2. SOLIDIFICATION MODEL

Solidification is described by a quasi-linear heat
conduction equation containing the heat source term,
which describes the rate of latent heat evolution. The
basic enthalpy formulation of this equation has the
form

V- (AVT) = 9H/at (1)

where A is the heat conductivity, in which the en-
thalpy is defined as

H(T) = Jp  cpdT +psL(1=£(T) ()

where c¢ is the specific heat, p is the density (sub-
script s refers to the solid phase, / would have denot-
ed the liquid phase and f would have denoted the
mushy zone), L is the latent heat of solidification
and f; is the solid phase fraction. Equation (1), with
appropriate initial and boundary conditions, was
solved by FEM. After semi-discretisation, modified
Euler-backward scheme, in which the values of ma-
terial properties are calculated on the basis of
a known temperatures, was applied for integration
over time. The final form of Eq. (1) after semi-
discretisation and the application of the modified
Euler-backward scheme, is as follows

(M" + AtKMT™1 = M*T" + Atb™!  (3)

where M is the mass matrix, K is the conductivity
matrix, T is the temperature vector and b is the
boundary conditions vector. The superscript n de-
notes current time level and n+1 denotes next time
level. Moreover, it is possible to directly take into
account the forming microstructure in the above
solidification model.

2.1. Models of solid phase growth

Solid phase growth is directly associated with
the release of the latent heat of solidification, where-
as the start and the end of this process is connected
with the achievement of the liquidus and solidus
temperature respectively (see figurel). For example,
the binary alloy with eutectic transformation, for
which the solidification model can be built, requires
an appropriate numerical model of the solid phase
growth. In the case of non-equilibrium solidification,
described by Scheil equation, the eutectic tempera-
ture is always reached. This means that the final
portion of metal solidifies at a constant temperature.
In the equilibrium model of solidification, the final
solidification temperature is dependent on the chem-
ical composition of an alloy. Only for alloys with the
solute concentration greater than their maximum
solid phase solubility, the final solidification tem-
perature is equal to the eutectic temperature. In the
indirect solidification, the course of solidification
depends on the path of solute diffusion, and thus on
the size of grains in the casting structure. In turn, the
average grain size is related to the cooling rate. The
complete distribution of the solute in the liquid
phase and its diffusion in the solid phase of the fu-
ture grain assumes in the indirect solidification (fig-
ure 2).
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The obtained solution connects the solute con-
centration on the solidification surface with the part
of phase fraction. Next, using the relationship be-
tween concentration and temperature (phase dia-
gram) a function binding the part of solid phase with
temperature can be finally obtained. The mass bal-
ance of solute in the single grain area is

— dan(t
my™ () L2 (0, 1) +
15 m-1pp 4C@O0 _
+ m— Dgn () iz + =0
dac _ an(t
+ (1= @®) L — mym () 2 ¢ (0)
)

where subscript m is the grain dimension factor (m =
1 — planar grain, m = 2 — cylindrical grain, m = 3 —
spherical grain), C is the solute concentration, 7 is
the current thickness or radius of the solid phase
grain, 1, is the final radius of the grain, Dy is the
coefficient of the solute diffusion in solid phase and
¢ designates the current coordinate. Since the equi-
librium and nonequilibrium solidification models are
extreme cases of the indirect solidification, the mass
balance of solute in both instances can be obtained
from Eq. 4.

By introducing the notion of a local solidifica-
tion time tf, the part of solid phase can be defined as

(Sczygiol, 2000)
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Fig. 2. The momentary distribution of solute concentration in
the grain.

The Brody-Flemings equation for parabolic
growth is (Sczygiol, 2000)

C, = kColl — (1 - 2ak)fi[iek  (6)

where «a is the dimensionless back-diffusion coeffi-
cient (vel Brody-Flemings coefficient), calculated as

Dsty

2 ()

Tz

the product Dstr can be regarded as material param-
eter, and the solute partition coefficient is

Cs

=5 ®)

wherein C* designates the solute concentration on
solidification surface.

By making additional assumptions (2 — amend-
ment of a coefficient) and necessary transformations
Eq. 6 can be written as (Sczygiol, 2000)

= (1-ED ) o

where

2(a) = a(1 —exp(=1/a)) — 1/2exp(=1/(2a))
(10)

If the numerical model of solidification assumes
the possibility of forming the grains of different
sizes and the solute concentration is lower than its
maximum solubility in the solid phase, then, accord-
ing to Eq. 10, a portion of grains can gain the eutec-
tic temperature (in the part of casting which solidify
at the latest) and another portion can solidify above
that temperature during solidification process. It is
crucial to the grain size in this case. If the solute
concentration is equal to or larger than its maximum
solubility in solid phase, then all grains gain the
eutectic temperature.

2.2. Numerical model of equiaxed
microstructure formation

The solidification process depends on the diffu-
sion path length of solute and also on the grain size
in the formatting microstructure in the indirect solid-
ification model, the limits of which are determined
by the equilibrium and non-equilibrium model. The
indirect solidification model, in contrast to the non-
equilibrium solidification model, allows the eutectic
solidification to start at some solid phase fraction
value, which depends on the grain dimension.

Numerical modelling of structure formed in the
casting is one of the most difficult problems in com-
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puter simulations of solidification. The extent of the
zones of the different types of structure and the
characteristic dimensions of the grains in these zones
depend on the undercooling at the start of solidifica-
tion. Undercooling, on the other hand, depends on
the cooling rate. All the possible values of the cool-
ing rates are between the infinitely large (T—o) and
infinitely small (T—0) value of the cooling rate.

Velocity of the grain growth in solid phase is an
exponential function of undercooling (kinetic, curva-
ture or constitutional) of liquid metal alloys. Veloci-
ty of the grain growth is (Stefanescu, 2001)

v = K(AT)" (11)

where K is the alloy constant (obtained from meas-
ured solidification curves and the final grain radii in
structure), (AT)™ — temperature change over time -
is undercooling (and 7 takes value from 1.3 to 2.3,
but is often equal to 1, too (Sczygiol, 2000). Assum-
ing that only the equiaxed grains formed in the cast-
ing, the velocity of their growth can be written as

dar
v=_ (12)
Substituting Eq. 12 to Eq. 11 and integrating in the
range of 0 to 7, and of 0 to tf, the final grain radius
is

r, = K(AT)"t; (13)

Since the maximum grain radius in structure is
1y, thus if tg—0o then r,-7,, and if tr—0 then 7,-0.
In the paper it was assumed that only one type of
microstructure is formed, namely equiaxed micro-
structure whose characteristic dimension is the final
grain radius which depends on the cooling rate
(Sczygiol, 2000)

1, = rb[l - exp(—l/T)] (14)

where T is the average cooling rate calculated from
the beginning of the process until the liquidus tem-
perature is reached. It can be noticed that if T—0
then tg—o0 and r,-7p; and if T—oo then t;—0 and
1,—0. In Eq. 14 the maximum grain radius in the
structure depends on the used casting alloy and it
should be determined experimentally. For very large
values of undercooling the fine-grain structure is
obtained, in which the zone of frozen grains is. In
the inner areas of the casting, where the undercool-
ing is much lower and less differentiated than the
undercooling of the layer in contact with the mould,
the equiaxed grains radii are more or less the same
and relatively large.

In the paper it was also assumed that the final
grain radius depends on the cooling velocity of the
liquid phase. This dependence was established ex-
perimentally for an Al-2%Cu alloy (Sczygiol, 2000).

3. RESULTS

An example of a computer simulation was car-
ried out for Al-2%Cu alloy solidifying in a metal
mould. This alloy was chosen because of its wide
range of solidification temperatures (about 50 K).
The finite element method to solve the enthalpy
formulation of solidification supplemented by
boundary conditions of continuity and Newton were
used. The focus was on the indirect model of solid
phase for binary alloys. The mesh contained the
tetrahedral finite elements composed of 234988
nodes, of which 110321 nodes were in the casting.
The assumed values of the material properties and
the characteristic temperatures are taken from
(Sczygiol, 2000; Sczygiol & Szwarc, 2001) and are
presented in table 1.

Table 1. Material properties

Liquid phase Solid phase Mould
p, kg/m? 2498 2824 7500
¢, J/kgK 1275 1077 620
A, W/mK 104 262 40
L, J/kgK 390 000
k 0,125

The geometry of the casting-mould system is
presented in figure 3, whereas the analysed casting
together with the finite elements mesh is presented
in figure 4. The external length, width and height
dimensions of the mould are 240 mm x 75 mm x 75
mm, respectively. The physical model of the casting-
mould system is shown in figure 5.

The continuity boundary condition with non-
ideal contact between the casting and the mould was
assumed. The conductivity of the separating layer
was equal to 800 W/m’K. The Newton boundary
condition was established on the remaining bounda-
ries. In the calculations the ambient temperature was
equal to 300 K. The heat exchange coefficient with
the environment was equal to 50 W/m’K on the bot-
tom boundary, and 100 W/m’K on the other bounda-
ries. On the boundary between the casting and the
environment it was equal to 10 W/m’K. The initial
casting temperature was 960 K, while the initial
mould temperature was 590 K.
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Fig. 3. Geometry of the casting-mould system.

Fig. 4. Analysed casting with the finite elements mesh.
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Fig. 5. The physical model of the casting-mould system.
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X

Fig. 6. Distribution of the cooling rate (values calculated only for the casting — colour blue designates the smallest values, color red

designates the largest values).

X

Fig. 7. Distribution of the average final grain radii (values calculated only for the casting — colour blue designates the smallest grain

radii, color red designates the largest grain radii).

The results of computer simulation are shown in
the following three figures (3D sliced view). Figure
6 shows the distribution of the average cooling ve-
locity of the liquid phase. The calculated distribution
of average final grain radii is shown in figure 7. The
distribution of solid phase fraction at the moment
when eutectic temperature (7x) is reached and the

eutectic solidification can take place, is shown in
figure 8. It was assumed a linear variation of the
thermal conductivity coefficient between the liqui-
dus and solidus temperature. For the purpose of car-
rying out the numerical simulation, the required
values of melt, liquidus, solidus and eutectic temper-
ature were read from the phase diagram for Al-Cu
and they are equal to Ty =933K, T, =926K,
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Ts =886 K and Tp = 821 K respectively. In the
calculations it was assumed that the maximal grain
radius was 3.5+ 107> mm (taken from experiment)
and time step was equal to 0.025 s.

X

75 K/s), furthermore, because of the average grain
radius being a function of the cooling rate, the sub-
stantial differences of grain size exist in the casting
(see figure 7). The smallest grain radii, calculated at

Fig. 8. Distribution of the solid phase fraction (values calculated only for the casting — color blue designates the values nearly 1, color

red designates the values slightly larger than 0).

Solidification occurs the most rapidly in the
nodes which are close to the contact walls of the
casting and the mould (colour red in figure 6 — val-
ues of the cooling rate calculated only for the cast-
ing), what is more, the smallest grains arise there
(colour blue in figure 7 — values of the grain radii
calculated only for the casting). However, in the
central part of the casting the solidification process
occurs the slowest (colour blue in figure 6 — values
of the cooling rate calculated only for the casting)
and ends at the eutectic temperature. The distribu-
tion of the solid phase fraction in the moment when
the eutectic temperature is reached illustrates diver-
sity of solidification progress in various parts of the
casting in the best way (see figure 8 — values of the
solid phase fraction calculated only for the casting;
colour dark blue presents the solid phase fraction
which is nearly 1 and colour red presents the solid
phase fraction which is slightly greater than 0). Be-
cause of the relatively large difference between the
initial temperature of the liquid metal and the initial
temperature of the casting, significant differences
exist in the average cooling rate in the moment when
the liquidus temperature is reached (the cooling rate
changes in the range from almost 1360 K/s to almost

the nodes on the contact boundary between the cast-
ing and the mould, are almost 0.1515 mm. However,
the largest grain radii, designated at the nodes in
thermal centrum of the casting ie. in the area of the
longest solidification, are almost 2.402 mm.

4. CONCLUSIONS

A new method of numerical modelling of equi-
axed microstructure formation, based on the basic
enthalpy formulation and the indirect solid phase
growth model, has been proposed in this work. The
indirect model, in contrast to commonly used non-
equilibrium and equilibrium solidification models,
makes it possible to take grain sizes into considera-
tion in the calculation of temperature fields and so-
lidification kinetics. The main advantage of the indi-
rect solidification model is that the temperatures of
the end of solidification, determined by this model,
can cover the complete range from the equilibrium
solidus temperature to eutectic temperature. Moreo-
ver, in this model the eutectic solidification can start
at some solid phase fraction value, which depends
on the grain dimension.
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First of all, the applied model allows to deter-
mine the equiaxed grain radii in the castings made of
two-component alloys. For the very large values of
undercooling the fine-grain structure is obtained,
including the zone of the frozen grain. In the inner
area of the casting, where undercooling has a lower
value nad is not greatly varied, the equiaxed grain
radii are more or less the same and relatively large.
Furthermore, the equiaxed grain size distribution is
consistent with the real course of the process.

Numerical modeling has been developed to pre-
dict the solidification microstructure quantitatively
in general and grain size in particular. Mechanical
properties of castings depend on their microstruc-
ture. A model of equiaxed solidification, coupled
with a macroscopic model for thermal description of
solidification has been developed. The model is able
to predict time-dependent thermal field and under-
cooling during the liquid and the solid phase growth.
The relationship between grain radii and the cooling
conditions were also investigated. The modeling was
applied for calculation of the grain radii. It
significantly enhances the understanding of
solidification processing such as the behavior of
solute Cu in aluminum alloys and the formed struc-
ture.
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NUMERYCZNE WYZNACZANIE PROMIENI ZIAREN
ROWNOOSIOWYCH POWSTAJACYCH W ODLEWIE
PODCZAS 3D SYMULACJI KRZEPNIECIA

Streszczenie

Znajomo$¢ struktury materialu pozwala na przewidywanie
wiasciwosci mechanicznych odlewow. Taka struktura moze by¢
modelowana w mikro- i mezoskali. Pierwszy sposob zwiazany
jest z okresleniem morfologii stopu i umozliwia znalezienie
ksztattu ziaren powstajacych podczas procesu krzepnigcia. Druga
metoda pozwala okresli¢ wielko$¢ i rozmieszczenie tych ziaren
w strukturze odlewu. Znajomos¢ obu tych sposobow znacznie
poprawia wiedze na temat takich zjawisk mechanicznych, jak
pojawiajace si¢ naprezenia, odksztalcenia, pgkanie na gorgco
iwiele innych. Informacje te pozwalaja przewidywaé sposob
zachowania sie odlewow zardwno w trakcie procesu chlodzenia,
jak i w dalszej eksploatacji produktu. Jedna z najtrudniejszych
kwestii w symulacjach numerycznych i komputerowych krzep-
nigcia jest modelowanie struktury powstajacej w odlewie. Symu-
lacje te sa niezwykle wazne w pracy inzyniera w przemysle od-
lewniczym. W artykule przedstawiono numeryczne modelowanie
struktury rownoosiowej tworzacej si¢ podczas krzepnigcia stopow
dwuskladnikowych, w ktorym wykorzystano podstawowe sfor-
mulowanie entalpowe krzepnigcia. Wielko$¢ ziaren réwnoosio-
wych uzalezniono od $redniej predkosci chtodzenia wyliczonej
w chwilii, gdy ciekly metal osigga temperature likwidusu. Do
wyznaczenia rozktadu $rednich promieni ziaren w odlewie wyko-
rzystano zalezno$¢ promienia ziarna od predkosci chlodzenia
wyznaczona na drodze eksperymentu.
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