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Abstract 
 

The multiscale algorithm based on the boundary element method (BEM) coupled with a discrete atomistic model is 
presented in this paper. The application of BEM reduces the total number of degrees of freedom in the multiscale model. 
The atomic model uses empirical pair-wise potentials to describe interactions between atoms. The Newton-Raphson 
method is applied to solve a nanoscale model. Some results of the numerical simulations are shown to examine the elabo-
rated algorithm. 
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1. INTRODUCTION 

The strength and stiffness of engineering materi-
als are effected by the characteristics at various 
length scales. Atomic defects such as vacancies and 
dislocations play a role at the atomic scale, while 
characteristics of grain boundaries at the micro- or 
meso-scales contribute to the material strength. In 
order to understand and predict mechanical behav-
iours of engineering materials it is necessary to in-
corporate all those characteristics in different length 
scales. 

Recently, multiple-scale models of engineering 
materials have been developed to address the cou-
pling of different length scales for various applica-
tions. 

Most of the multi-scale models consider two 
neighbouring length scales, while some other exam-
ine bridged more than two length scales. Shenoy et 
al. (1999) undertook coupling of a discrete model 
such as an atomic model and continuum model. Liu 

et al. (2004) provided a recent survey on multi-scale 
modelling. They summarized and compared various 
coupling techniques between the atomic model and a 
continuum model. In all papers the continuum model 
is considered in the framework of the finite element 
method. 

This paper deals with a multi-scale algorithm 
based on the boundary element method (BEM) cou-
pled with a discrete atomistic model. It is a devel-
oped version of the own approach presented in 
(Mrozek & Burczynski, 2006). In this approach, the 
material behaviour at the atomic level can be simu-
lated and the total number of degrees of freedom is 
reduced, because in most cases only a small part of 
the multi-scale model contains atoms and BEM does 
not need discretization of the continuum’s domain. 

2. THE ATOMIC MODEL 

The discrete atomic model is applied to simulate 
deformations of the atomistic lattice under loads. 
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This model is based on the equilibrium equations of 
atomic interaction forces (Kwon, 2003). The equilib-
rium state of the lattice corresponds to the minimal 
value of the total potential energy of the atomic 
structure. To describe the potential energy and inter-
actions between two atoms the empirical Lennard-
Jones and Morse potentials (figure 1), repectively, 
are used: 
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where Ф denotes the potential energy, r0 is equilib-
rium bond length, σ - the collision diameter and ε is 
the dissociation energy.  

 
Fig. 1. Interatomic pair potentials. 

The interaction forces (figure 2) between each 
pair of atoms in the lattice are computed as the de-
rivative of interatomic potential respect to the dis-
tance between two atoms (3): 

 
Fig. 2. Forces acting between i-th and j-th atom. 
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where: nrji is the unit position vector between atoms i 
and j. 

Figure 3 shows the initial positions of the two 
atoms (labelled Xi, Xj) and the initial distance vector 
Rij.  

 
Fig. 3. Initial and displaced positions of the two atoms. 

The displacements ui and uj are applied to these 
atoms, respectively, and the resultant distance vector 
rij can be obtained: 
 ij ij ij= + Δr R u  (4) 

where: 
 ij j iΔ = −u u u  

The distance vectors rij can be also obtained us-
ing the Cauchy-Born rule and information about the 
local deformation gradient (Sunyk & Steinmann, 
2002). 

Since the interaction force between atoms in dis-
placed position can be written as: 
 r( ) ( )ij ij ij ij ijr f r=f n  (5) 

where: 
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Now equation (5) yields: 
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and the following equilibrium equation can be for-
mulated: 
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Equilibrium equation (7) can be written in the matrix 
form (for two dimensional case): 
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where: k:=fij(rij)/rij ; xn, yn are initial coordinates of 
the n-th atom, unm is the component of displacement 
of atom n in the m-th direction. 

The system of nonlinear equations (9), describ-
ing one atomic bonding, is solved iteratively, using 
the Newton-Raphson method: 
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where: 
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The Jacobian matrix [J] and the vector P are 
computed for all atoms, which interact with others in 
circular area. The cut-off radius is defined as a mul-
tiplicity of the lattice constant. After aggregation of 
[J] and P, the constraints are applied using the 
elimination method. The main concept is to assume 
some initial positions of molecules (e.g. undeformed 
lattice) and obtain final, stable equilibrium configu-
ration of atoms with appropriate boundary condi-
tions. 

2. THE CONTINUUM MODEL 

One assumes that continuum model of material 
on the microscale level is an elastic medium which 
occupies a domain Ω bounded by a boundary Γ. 

The behaviour of the continuum model is 
described by the following vector boundary 
integral equation: 
 d d d

Γ Γ Ω

+ Γ = Γ + Ω∫ ∫ ∫Cu Tu Ut Ub  (12) 

where: U and T are the fundamental solutions, u and 
t are the vectors of displacements and tractions, re-
spectively,  b denotes body forces, C is a free term 
coefficient and depends on the boundary shape. 

The boundary element method (Burczynski, 
1995) is applied to solve approximately the equation 
(12). The boundary Γ of the continuum domain is 

discretized using three node quadratic boundary 
elements. Second order shape functions are used to 
approximate boundary tractions and displacements. 
The application of BEM to the equation (12) results 
the following system of linear algebraic equations 
(13): 
 Hu = Gt + B  (13) 

Matrices H and G depend on the fundamental 
solutions T and U, respectively. B depends on body 
forces. 

Since BEM uses tractions instead of nodal 
forces, the transformation of the interatomic forces 
to the tractions is needed. The expression (14) shows 
the equality of the work of the nodal forces (left 
side) and the work of the tractions (right side): 

 nT T

l

dl= ∫u F u t  (14) 

The vector un denotes the nodal displacements, F 
- of nodal forces, l is the length of the boundary 
element. The boundary displacements and tractions 
can be expressed, respectively: 

 n=u Nu  (15) 

 n=t Nt  (16) 
where N is the shape function matrix, tn is the un-
known vector of the traction’s nodal values. 

After substitution (15) and (16) to (14), finally 
one can be obtained: 
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where J(ξ) is the Jacobian connected with transfor-
mation to local coordinate ξ. 

3. THE MULTISCALE MODEL 

The construction of the multiscale model is 
shown in figure 4. 

 

 
Fig. 4. The coupled BEM-atomic multiscale model. 
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The discrete atomic model occupies only rather 
small area of the model, where the simulation at the 
nanoscale should be performed. The rest of the 
structure is modelled by BEM. The interface domain 
contains so-called embedded atoms which coordi-
nates are equal to the corresponding nodes of 
boundary elements. The boundary conditions are 
applied on the continuum model. 

The algorithm of solving the coupled multiscale 
model is presented in the figure 5. 

 
Fig. 5. The algorithm of solving coupled atomistic-BEM model. 

In the first step, the boundary conditions are ap-
plied and the BEM model is solved (figure 5). Dis-
placements of the interface atoms are obtained and 
introduced as initial displacements of the outer 
boundary of the atomic lattice. In the next step, equi-
librium positions of the atoms in the nanoscale 
model are computed, using the method described in 
the previous section. Finally, forces acting on inter-
face atoms are computed and introduced as tractions 
nodal values to the BEM model. These computations 
are repeated iteratively until a stop condition is satis-
fied. The stop condition is executed when the differ-
ence between displacements of the embedded atoms 
during two iterations is less than an admissible value 
(error) ε. 

4. NUMERICAL EXAMPLES 

Some numerical simulations were performed us-
ing the technique described above sections. In the 
first example the plate witch the U-shape notch un-
der the shear load is presented (figure 6a). 

The left side of the plate is constrained and the 
shear load is applied on the opposite side. Some 
imperfections are introduced to the hexagonal 
atomic lattice. Dimensions of the plate are 18x12 
[nm]. The continuum model contains 61 quadratic 
elements and 244 degrees of freedom. The atomic 
model contains 282 aluminium atoms, 546 degrees 
of freedom. The Lennard-Jones potential was used 

with the following parameters: σ = 0.2575 nm, ε = 
0.1699 nN*nm, r0 = 0.289 nm, values are taken from 
Sunyk & Steinmann, (2002).  

 

 
 a) b) 
Fig. 6. The plate with the U-notch under the tensile load: a) 
initial equilibrium without any load, b) equilibrium state of 
the loaded plate. 

Figure 6b shows results of the numerical simula-
tion. The atoms displaced to the new equilibrium 
positions under the loaded continuum model. It can 
be observed that a crack along the slip direction is 
arising. 

The next example shows a plate with the V-
shape notch (figure7a). 

 
 a) b) 
Fig. 7. The plate with V-notch under the tensile load: a) initial 
equilibrium without load, b) equilibrium state under shear load. 

The bottom of the plate is constrained and the 
shear load is applied on the top. Dimensions of the 
plate are 90x45 [nm]. Continuum model contains 
176 quadratic elements and 704 degrees of freedom. 
The atomic model contains 2033 aluminium atoms. 
The parameters and material properties are the same 
as previous. 



C
O

M
PU

TE
R 

M
ET

H
O

D
S 

IN
 M

A
TE

RI
A

LS
 S

C
IE

N
C

E 
INFORMATYKA W TECHNOLOGII MATERIAŁÓW 

 – 288 – 

Results of the numerical simulations are pre-
sented in the figure 7b.  The atoms moved to find a 
new equilibrium state. The opening crack at the cen-
tre of the notch is arising. 

3. FINAL REMARKS 

The presented method of analysis gives possibil-
ity of simulation, e.g. slips, crack behaviour and 
fracture at the atomic level and also may be used in 
modelling some technological processes in material 
science. The convergence of the Newton-Raphson 
method and the total number of iterations strongly 
depend on the initial positions of the atoms and their 
displacements taken form BEM. However, for small 
deformations of the atomic structure, the Newton-
Raphson method is efficient. The process of minimi-
zation of the potential energy can be also done by 
using the evolutionary algorithm by Mrozek et al. 
(2005). The applications of these algorithms in pre-
diction of atoms distribution give a great probability 
of finding the global optimal solutions, but this ap-
proach is very time consuming. 

In the presented approach the first-order Cauchy-
Born rule requires sufficiently homogeneous defor-
mations of the continuum BEM model of material. 
This model is no more valid if the deformation be-
comes inhomogeneous because size effects cannot be 
taken into account. The extended Cauchy-Born rule 
can be considered by introducing the second-order 
deformation gradient (Sunyk & Steinmann, 2002). In 
this case the continuum BEM model will be describ-
ing by the application of the second order gradient 
stress theory (Habarta & Burczyński, 2006). 
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ZASTOSOWANIE METODY ELEMENTÓW 
BRZEGOWYCH POŁĄCZONEJ Z 

DYSKRETNYM MODELEM MOLEKU-
LARNYM W ANALIZIE STATYCZNEJ 

UKŁADÓW MECHANICZNYCH 

Streszczenie 
 
Artykuł przedstawia algorytm mający zastosowanie w anali-

zie wieloskalowej materiałów. Dyskretny model molekularny 
sprzęgnięty został z kontynualnym modelem układu w skali 
mikro, rozwiązywanym za pomocą metody elementów brzego-
wych. Do opisu oddziaływań międzyatomowych wykorzystano 
potencjał Lennarda-Jonesa, natomiast końcowy układ równań 
nieliniowych rozwiązywany jest metodą Newtona-Raphsona. W 
artykule przedstawiono również przykłady testowe, pokazujące 
skuteczność prezentowanej metody. 
 
 

Submitted: September 25, 2006 
Submitted in a revised form: November 13, 2006 

Accepted: December 13, 2006 
 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /SyntheticBoldness 1.000000
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002000d>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002000d>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /GRE <>
    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002000d>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e000d>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


